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1 Fundamental Concepts 

1.1 Consider a ket space spanned by the eigenkets {|a'}} of a Her- 
mitian operator A. There is no degeneracy. 

(a) Prove that 

ik a - a> ) 

a> 

is a nuil operator. 

(b) What is the significance of 

tt (A-a") 

a"^a' a ' ~ a " 

(c) Illustrate (a) and (b) using A set equal to S z of a spin | system. 



1.2 A spin | system is known to be in an eigenstate of S ■ n with 
eigenvalue Ti/ 2 , where n is a unit vector lying in the xz-plane that 
makes an angle 7 with the positive z-axis. 

(a) Suppose S x is measured. What is the probability of getting 

+h/ 2 ? 

(b) Evaluate the dispersion in S x , that is, 

((s x -(s x )Y). 

(For your own peace of mind check your answers for the special 
cases 7 = 0, 7r/2, and 7r.) 



1.3 (a) The simplest way to derive the Schwarz inequality goes as 
follows. First observe 

((a| + A*(/5|) • (|a) + A|/3}) > 0 

for any complex number Å; then choose Å in such a way that the 
preceding inequality reduces to the Schwarz inequility. 
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(b) Show that the equility sign in the generalized uncertainty re- 
lation holds if the state in question satisfies 

AA|a) = \AB\a) 

with Å purely imaginary. 

(c) Explicit calculations using the usual rules of wave mechanics 
show that the wave function for a Gaussian wave packet given by 

<z'|a) = (2rf)-‘/-exp WA _ <A_MlT 

satisfies the uncertainty relation 

\/<(Aa X)-J((±f) 2 ) = 

Prove that the requirement 

(x'\Ax\ a) = (imaginary number)(x / | Ap\a) 

is indeed satisfied for such a Gaussian wave packet, in agreement 
with (b). 



1.4 (a) Let x and p x be the coordinate and linear momentum in 
one dimension. Evaluate the classical Poisson bracket 

[x, F(p x )\ dassical . 

(b) Let x and p x be the corresponding quantum-mechanical opera- 
tors this time. Evaluate the commutator 

( ip x a\ 

r exp hrJJ- 

(c) Using the result obtained in (b), prove that 
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is an eigenstate of the coordinate operator x. What is the corre- 
sponding eigenvalue? 



1.5 (a) Prove the following: 

(i) (p'\x\a) = ih—{p\a) } 

(u) (/ 3\x\a } = j dp' <j>* p {p')i%-^p(j> a {p'), 

where 4> a (p r ) = ( p'\a ) and 4>p(p r ) = (p'\ft) are momentum-space wave 
functions. 

(b) What is the physical significance of 



exp 



IXZL 



h 



i 



where x is the position operator and ^ is some number with the 
dimension of momentum? Justify your answer. 



2 Quantum Dynamics 

2.1 Consider the spin-procession problem discussed in section 2.1 
in Jackson. It can also be solved in the Heisenberg picture. Using 
the Hamiltonian 

H = -(—)s z =uS z , 

\mcj 

write the Heisenberg equations of motion for the time-dependent 
operators S x (t), S y (t), and S z (t). Solve them to obtain S X}V}Z as func- 
tions of time. 



2.2 Let x(t) be the coordinate operator for a free particle in one 
dimension in the Heisenberg picture. Evaluate 

[x(t),x(0)] . 
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2.3 Consider a particle in three dimensions whose Hamiltonian is 
given by 

By calculating [x ■ p, H] obtain 

To identify the preceding relation with the quantum-mechanical 
analogue of the virial theorem it is essential that the left-hand side 
vanish. Under what condition would this happen? 



2.4 (a) Write down the wave function (in coordinate space) for the 
state 

You may use 



(x'IO) = tt 1 /, 4 x 0 l ! 2 exp 



x 0 



x 0 



ti \ 



i/2\ 



mu 



(b) Obtain a simple expression 
is found in the ground state at 
for t > 0? 



that the probability that the state 
t = 0. Does this probability change 



2.5 Consider a function, known as the correlation function, defined 

by 

C(t) = (x(t)x(O)), 

where x(t) is the position operator in the Heisenberg picture. Eval- 
uate the correlation function explicitly for the ground state of a 
one-dimensional simple harmonic oscillator. 
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2.6 Consider again a one-dimensional simple harmonic oscillator. 
Do the following algebraically, that is, without using wave func- 
tions. 

(a) Construct a linear combination of |0) and |1) such that (x) is as 
large as possible. 

(b) Suppose the oscillator is in the state constructed in (a) at t = 0. 
What is the state vector for t > 0 in the Schrodinger picture? 
Evaluate the expectation value (x) as a function of time for t > 0 
using (i) the Schrodinger picture and (ii) the Heisenberg picture. 

(c) Evaluate {(Ai) 2 ) as a function of time using either picture. 



2.7 A coherent state of a one-dimensional simple harmonic oscil- 
lator is defined to be an eigenstate of the (non-Hermitian) annihi- 
lation operator a: 

a|Å) = Å|Å), 

where Å is, in general, a complex number. 

(a) Prove that 

|å) = e - |A|2/ V at |o) 

is a normalized coherent state. 

(b) Prove the minimum uncertainty relation for such a state. 

(c) Write |Å) as 

OO 

l A ) = J2f( n )\ n )- 

n = 0 

Show that the distribution of \f(n)\ 2 with respect to n is of the 
Poisson form. Find the most probable value of n, hence of E. 

(d) Show that a coherent state can also be obtained by applying 
the translation (finite-displacement) operator e~ vpl / n (where p is the 
momentum operator, and l is the displacement distance) to the 
ground state. 




10 



(e) Show that the coherent state |Å) remains coherent under time- 
evolution and calculate the time-evolved state | A(t)}. (Hint: di- 
rectly apply the time-evolution operator.) 



2.8 The quntum mechanical propagator, for a particle with mass 
to, moving in a potential is given by: 



/•oo 

K(x,y,E)= / dte lEt ^ Tl K(x,y]t, 0) = 



sin(nrx) sin(nry) 



E- 



ti 2 r 2 
2 m 



•n* 



where A is a constant. 

(a) What is the potential? 



(b) Determinethe constant A in terms of the parameters describing 
the system (such as to, r etc. ). 



2.9 Prove the relation 

dO(x) 

— = S{x 

where 0(x) is the (unit) step function, and S(x) the Dirac delta 
function. (Hint: study the effect on testfunctions.) 



2.10 Derive the following expression 

S Cl = n rrix \i X l + 2 æ x) COS (toT) - X 0 X T ] 

2 sm (Lul ) L J 

for the classical action for a harmonic oscillator moving from the 
point xq at t = 0 to the point xj at t = T . 



2.11 The Lagrangian of the single harmonic oscillator is 

r 1-2 1 22 

L = — ttix mto x 

2 2 
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(a) Show that 



( x b t b \x a t a ) = exp 



' iS c f 

. h . 



G(0,t b ] 0, ta) 



where S c i is the action along the classical path x c i from ( x a ,t a ) to 
(x b , t b ) and G is 



G( 0 ,tb] 0 , t a ) = 



lim / dy i 

JV— »oo J 



dy N 



m 



27 ritte 



( JV + 1 ) [ ■ n r i 

ex p i \ - Vi ) 2 - 7 ; £muj 2 y. 

3=0 L 



where e = . 

(Hint: Let y(t) = x(t) — x c i(t) be the new integration variable, 
x c i(t) being the solution of the Euler-Lagrange equation.) 

(b) Show that G can be written as 




where n - 
matrix a. 



y i 

yjv 



and n T is its transpose. Write the symmetric 



(c) Show that 



J dyi . . . dy]yexp(—n T an 



d N ye - n T an 



tt n G 
V detcr 



[Hint: Diagonalize a by an orhogonal matrix.] 

(d) Let detcr = deta' N = p jy. Define j x j matrices a'- that con- 

sist of the first j rows and j columns of a' N and whose determinants 
are pj. By expanding cr ' +1 in minors show the following recursion 
formula for the p 3 \ 



Pj+i = ( 2 - e 2 u 2 )pj ~ Pj - 1 






( 2 . 1 ) 
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(e) Let cj)(t) = epj for t = t a + je and show that (2.1) implies that in 
the limit e — > 0 , </>(t) satisfies the equation 



d 2 (f) 
' dt 2 



L0 2 (j)(t) 



with initial conditions (f>(t = t a ) = 0, d ^ t (lt ta ' > = 1. 
(f) Show that 



(%btb\%ata) 



mu 



imu 



exp ■ 



2Trihsm(ujT) [ 2ti sin(cuT) 



'[{ x b + x l) cos(cuT) - 2x a x 6 ] 



where T = t k — t a . 



2.12 Show the composition property 



/ dx 1 Kf(x 2 ,t 2 -,x 1 ,t 1 )Kf(x 1 ,t 1 -,xo,to) = Kf(x 2 ,t 2 -,xo,to) 



where Kf(xi, tp x 0 , t 0 ) is the free propagator (Sakurai 2.5.16), by 
explicitly performing the integral ( i.e . do not use completeness). 



2.13 (a) Verify the relation 



[Ih, Uj] = e tjk B k 



where II = toJ) = p — — and the relation 



d 2 x dU 
m— — = = e 

dt 2 dt 



-> 1 f dx -> -> dx ^ 

E -\ -xB-Bx- 

2c V dt dt , 



(b) Verify the continuity equation 



| + v'.;=° 
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with j given by 

7= (-) 3 ( ^,*vv)- (— )m 2 

\m \mcj 



2.14 An electron moves in the presence of a uniform magnetic field 
in the o-direction (B = Bz ). 



(a) Evaluate 
where 



[n*,iu 



n æ — p x 



eA r 



Tly = Py 



eAy_ 

c 



(b) By comparing the Hamiltonian and the commutation relation 
obtained in (a) with those of the one-dimensional oscillator problem 
show how we can immediately write the energy eigenvalues as 



Ek,n — 



h 2 k 2 
2 m 



eB\h 

mc 




•) 



where hk is the continuous eigenvalue of the p z operator and n is a 
nonnegative integer including zero. 



2.15 Consider a particle of mass m and charge q in an impenetrable 
cylinder with radius R and height a. Along the axis of the cylin- 
der runs a thin, impenetrable solenoid carrying a magnetic flux $. 
Calculate the ground state energy and wavefunction. 



2.16 A particle in one dimension ( — oo < x < oo) is subjected to a 
constant force derivable from 



V = \x, (A > 0). 
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(a) Is the energy Spectrum continuous or discrete? Write down an 
approximate expression for the energy eigenfunction specified by 

E. 

(b) Discuss briefly what changes are needed if V is replaced be 

V = A|æ|. 



3 Theory of Angular Momentum 

3.1 Consider a sequence of Euler rotations represented by 

d (1/2) («, p, 7 ) = exp exp exp (~ lF9 



g *(«+7)/2 cos | _g 4« l)/2 gj n | 



i(a-7)/2 : d 



sm ^ e 



(cc+7)/2 cos d 



Because of the group properties of rotations, we expect that this 
sequence of operations is equivalent to a single rotation about some 
axis by an angle </>. Find </>. 



3.2 An angular-momentum eigenstate | j,m = mmax = j) is rotated 
by an infinitesimal angle e about the y-axis. Without using the 
explicit form of the d\[} m function, obtain an expression for the 
probability for the new rotated state to be found in the original 
state up to terms of order e 2 . 



3.3 The wave function of a patricle subjected to a spherically 
symmetrical potential V(r) is given by 



ip(x) = (x + y + 3 z)f(r). 
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(a) Is ip an eigenfunction of LI If so, what is the /-v alue? If 
not, what are the possible values of l we may obtain when L 2 is 
measured? 

(b) What are the probabilities for the particle to be found in various 
mi states? 

(c) Suppose it is known somehow that ip(x) is an energy eigenfunc- 
tion with eigenvalue E. Indicate how we may find V(r). 



3.4 Consider a particle with an intrinsic angular momentum (or 
spin) of one unit of ti. (One example of such a particle is the g- 
meson). Quantum-mechanically, such a particle is described by a 
ketvector |^) or in x representation a wave function 



Q'(x) = (®;*l q) 



where | x,i) correspond to a particle at x with spin in the z:th di- 
rection. 

(a) Show explicitly that infinitesimal rotations of g l (x) are obtained 
by acting with the operator 

ug = 1 — i— ■ (L S) (3-1) 

ri 

where i = -f x V. Determine S ! 

Z 

(b) Show that L and S commute. 

(c) Show that S is a vector operator. 

(d) Show that V x q(x) = jj?(S ■ p)g where p is the momentum oper- 
ator. 



3.5 We are to add angular momenta ji = 1 and j 2 = 1 to form 
j = 2, 1, and 0 states. Using the ladder operator method express all 
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(nine) j,m eigenkets in terms of |jij 2 ;^i^ 2 }- Write your answer as 

li = l,m = 1) = 2=|+, 0) - “7f 1°’ +>>-•-> (3-2) 

where + and 0 stand for = 1,0, respectively. 



3.6 (a) Construct a spherical tensor of rank 1 out of two different 
vectors U = (U x ,U y ,U z ) and V = (V x ,V y ,V z ). Explicitly write T^ 0 in 

terms of U X}V}Z and V X}V}Z . 

(b) Construct a spherical tensor of rank 2 out of two different 
vectors U and V. Write down explicitly T± 2 ± 10 in terms of U XtVtZ 



3.7 (a) Evaluate 

m--j 

for any j (integer or half-integer); then check your answer for j = \- 
(b) Prove, for any j, 

J2 m2 \ d m' r m(P)\ 2 = + l)sm(3 + m' 2 + |(3 cos 2 (3 — 1). 

m--j 

[Hint: This can be proved in many ways. You may, for instance, 
examine the rotational properties of J l using the spherical (irre- 
ducible) tensor language.] 



3.8 (a) Write xy, xz, and ( x 2 — y 2 ) as components of a spherical 
(irreducible) tensor of rank 2. 
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(b) The expectation value 

Q = e(a,j,m = j\(3z 2 - r 2 )|a,j,m = j) 

is known as the quadrupole moment. Evaluate 

\(x 2 - y 2 )|a,j,m = j), 

(where m' = j, j — 1 , j — 2 , . . . )in terms of Q and appropriate Clebsch- 
Gordan coefhcients. 



4 Symmetry in Quantum Mechanics 

4.1 (a) Assuming that the Hamiltonian is invariant under time 
reversal, prove that the wave function for a spinless nondegenerate 
system at any given instant of time can always be chosen to be 
real. 

(b) The wave function for a plane-wave state at t = 0 is given by 
a complex function e l P- x / n , Why does this not violate time-reversal 
invariance? 



4.2 Let be the momentum-space wave function for state |a), 

that is, = (77|a).Is the momentum-space wave function for the 

time-reversed state 0|a) given by </>(— f?), <^*(p f ), or </>*(— 77)? 

Justify your answer. 



4.3 Read section 4.3 in Sakurai to refresh your knowledge of the 
quantum mechanics of periodic potentials. You know that the en- 
ergybands in solids are described by the so called Bloch functions 
4>n,k fullfilling, 



1pn,k( X + a ) = e tka ip n ,k(x) 
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where a is the lattice constant, n labels the band, and the lattice 
momentum k is restricted to the Brillouin zone [—n/a,n/a\. 

Prove that any Bloch function can be written as, 

tpn,k{ x ) = ~ Ri)e tkRi 

Ri 

where the sum is over all lattice vectors Ri. (In this simble one di- 
mensional problem Ri = ia, but the construction generalizes easily 
to three dimensions.). 

The functions </>„ are called Wannier functions, and are impor- 
tant in the tight-binding description of solids. Show that the Wan- 
nier functions are corresponding to different sites and/or different 
bands are orthogonal, i.e. prove 

J d,X(j>* m (x - Ri)(f> n {x ~ Rj) ~ SijS mn 

Hint: Expand the cj) n s in Bloch functions and use their orthonor- 
mality properties. 



4.4 Suppose a spinless particle is bound to a fixed center by a 
potential V(x) so assymetrical that no energy level is degenerate. 
Using the time-reversal invariance prove 

(i) =o 

for any energy eigenstate. (This is known as quenching of orbital 
angular momemtum.) If the wave function of such a nondegenerate 
eigenstate is expanded as 

££fUr)>7"(M). 

I ril 

what kind of phase restrictions do we obtain on F; m (r)? 



4.5 The Hamiltonian for a spin 1 system is given by 

H = AS 2 z + B(S% - Sy). 




5. APPROXIMATION METHODS 
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Solve this problem exactly to find the normalized energy eigen- 
states and eigenvalues. (A spin-dependent Hamiltonian of this kind 
actually appears in crystal physics.) Is this Hamiltonian invariant 
under time reversal? How do the normalized eigenstates you ob- 
tained transform under time reversal? 



5 Approximation Methods 



5.1 Consider an isotropic harmonic oscillator in two dimensions. 
The Hamiltonian is given by 



H 0 



iL + Él + 

2 m 2 m 



mu: , 9 9 

—(* +y 



(a) What are the energies of the three lowest-lying states? Is there 
any degeneracy? 



(b) We now apply a perturbation 

V = 8mu 2 xy 

where S is a dimensionless real number much smaller than unity. 
Find the zeroth-order energy eigenket and the corresponding en- 
ergy to first order [that is the unperturbed energy obtained in (a) 
plus the first-order energy shift] for each of the three lowest-lying 
states. 



(c) Solve the H 0 + V problem exactly. Compare with the perturba- 
tion results obtained in (b). 

[You may use (n'\x\n) = y^72TOlJ(A/rrTT^ n / jn+ i + ^/nS n y n _ i).] 



5.2 A system that has three unperturbed states can be represented 
by the perturbed Hamiltonian matrix 

^ Ei 0 a \ 

0 E l b \ 
v a* b* E 2 ) 
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where E 2 > E\. The quantities a and b are to be regarded as per- 
turbations that are of the same order and are small compared with 
E 2 — Ei. Use the second-order nondegenerate perturbation theory 
to calculate the perturbed eigenvalues. (Is this procedure correct?) 
Then diagonalize the matrix to find the exact eigenvalues. Finally, 
use the second-order degenerate perturbation theory. Compare 
the three results obtained. 



5.3 A one-dimensional harmonic oscillator is in its ground state 
for t < 0. For t > 0 it is subjected to a time-dependent but spatially 
uniform force (not potential!) in the x-direction, 

F(t) = F 0 e-^ 

(a) Using time-dependent perturbation theory to first order, obtain 
the probability of tinding the oscillator in its first excited state for 
t > 0). Show that the t — > oo (r finite) limit of your expression is 
independent of time. Is this reasonable or surprising? 

(b) Can we find higher excited states? 

[You may use (n'\x\n) = y^72mIJ(A/rr+T^ n / jn -|-i + yEi5 n ^ n -i).] 



5.4 Consider a composite system made up of two spin | objects. 
for t < 0, the Hamiltonian does not depend on spin and can be 
taken to be zero by suitably adjusting the energy scale. For t > 0, 
the Hamiltonian is given by 

Suppose the system is in | -| — ) for t < 0. Find, as a function of 
time, the probability for being found in each of the following states 

I + +)? I + “)? I _ +)> I )'• 

(a) By solving the problem exactly. 
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(b) By solving the problem assuming the validity of first-order 
time-dependent perturbation theory with H as a perturbation switched 
on at t = 0. Under what condition does (b) give the correct results? 



5.5 The ground state of a hydrogen atom (n = 1,1 = 0) is subjected 
to a time-dependent potential as follows: 



V (x, t) = Vocos(kz — ut). 



Using time-dependent perturbation theory, obtain an expression 
for the transition rate at which the electron is emitted with mo- 
mentum p. Show, in particular, how you may compute the angular 
distribution of the ejected electron (in terms of 6 and </> defined 
with respect to the z-axis). Discuss briefly the similarities and the 
differences between this problem and the (more realistic) photo- 
electric effect. (note: For the initial wave function use 




If you have a normalization problem, the final wave function may 
be taken to be 




with L very large, but you should be able to show that the observ- 
able effects are independent of L .) 
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1 Fundamental Concepts 

1.1 Consider a ket space spanned by the eigenkets {|a'}} of a Her- 
mitian operator A. There is no degeneracy. 

(a) Prove that 

ri( A - a ' ) 

a> 

is a nuil operator. 

(b) What is the significance of 

tt (A-a“) 

a"^a’ a> ~ a " 

(c) Illustrate (a) and (b) using A set equal to S z of a spin | system. 



(a) Assume that |a) is an arbitrary state ket. Then 

]d(A-a')|a) = J\(A- a)^\a") (a"\a) = ^c a ,,~[\(A- a)\a‘ 



a a 



= y. c *" iik- 



/\| //\ a"E{a'} 



a )\a 



= J 0. 



a a 



(b) Again for an arbitrary state |a) we will have 



( 1 . 1 ) 



n 

a"^a’ 



( A - a") 



\OL) = 



n 4 a " ] 

a"^a> 



ii 4 a " ] 



a"^a 



, a — a 



!>'"}< 



a"' la) 



= S>» n A 



a"' - a") 



I W\ 

\a ) = 



a — a 



a"< a"^a' 

’^2(a l "\o')S a m a i\a l ") = (a'\a)\a') 



\a')(a'\ = A a f. 



So it projects to the eigenket | a'). 



( 1 , 2 ) 
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(c) It is S z = fij 2(|+)(+| — | — )( — |). This operator has eigenkets |+) and | — ) 
with eigenvalues h/2 and -h/2 respectively. So 



11(5/ - a 1 



n(^ - a ' 1 ) 



gd+x+i _ 



■(!+)(+! 



X-l) - |(I+X+I + l-X-l) 
l-X-l) + |(l+>(+l + l-X-l) 



o 

MI-X-IPI+X+ll = -* 2 I-) H+X+l = o, 



( 1 . 3 ) 



where we have used that |+}(+| + | — }( — | = 1. 
For a' = h/2 we have 



n 



(S z - a") 



n 



(Sz-a" 1) 



S'. + fl 



“ /2 h/2 -a" h/2 + hl2 



1 

h 



^■(l + )(+l “ l _ )( _ l) + ^(l+)(+l + l _ )( _ l 



= ^l+)(+l = l+)(+l- 



(1.4) 



Similarly for a' = —h/2 we have 



n 

a"^a' 



(JL 

a' 



n 

— 2 



(Sz. - a"l) 
-h/2 - a" 



1 

h 

1 

h 



2d+)(+l _ I 



s,~ fi 

-h/2 - h/2 

)(-l) -§(l+)(+l + !-)(-!) 

-)(-!■ (i-5) 



1.2 A spin | system is known to be in an eigenstate of S ■ h with 
eigenvalue h/2, where h is a unit vector lying in the xz-plane that 
makes an angle 7 with the positive z-axis. 

(a) Suppose S x is measured. What is the probability of getting 

+h/2? 
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(b) Evaluate the dispersion in S x , that is, 

((S X -(S X )) 2 ). 

(For your own peace of mind check your answers for the special 
cases 7 = 0 , 7r/2, and 7r.) 



Since the unit vector n makes an angle 7 with the positive z-axis and is 
lying in the xz- plane, it can be written in the following way 



So 



h = é z cos 7 + é x sin 7 



S -ri = S z cos 7 + S x sin 7 = [(S-l. 3 . 36 ) , (S-l . 4 . 18 )] 



( 1 , 6 ) 



§(I+X+M->H) 



cos 7 + 



2 (l+)( _ l + l“)(+l) 



sinq(. 1 . 7 ) 



Since the system is in an eigenstate of S ■ n with eigenvalue h /2 it has to 
satisfay the following equation 



S ■ ri\S ■ n] = h/2\S • n m ,+). 

From ( 1 . 7 ) we have that 

z A . h / cos 7 sin 7 \ 

S • n = — . . 

2 \ sm 7 — cos 7 I 



( 1 . 8 ) 



( 1 . 9 ) 



The eigenvalues and eigenfuncions of this operator can be found if one solves 
the secular equation 



det(/> • h — XI) = 0 => det 



h/2 cos 7 — Å h/2 sin 7 
h/2 sin 7 — h/2 cos 7 — Å 



= 0 



h 2 9 > 9 h 2 . 9 > 9 h 2 , h . . 

cos 7 + Å sm 7 = 0 =$■ X = 0 =$■ X = i—. ( 1 . 10 ) 

4 4 4 2 J 



-> l Qj \ 

Since the system is in the eigenstate IS' • h; +) = ^ we will have 



that 



h ( cos 7 sin 7 
2 l sin 7 — cos 7 

1 — cos 7 

b = a = a 



a 

b 



h / a 
2 \ b 



a cos 7 + 6 sin 7 = a 
a sin 7 — b cos 7 = b 



A l 



2 sin 7 7 

= a tan — . 



sm 7 



2 sin ^ cos 



( 1 . 11 ) 
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But we want also the 
a 2 + b 2 = 1 => 



eigenstate IS' • n; +} to be normalized, that is 

2, 2, 27 i 2 2 7 2 • 2 7 27 

a + a tan — = I =>- a cos — a sin — = cos — 



2 2 7 _ , / 2 7 7 

a = cos — =? a = ±a / cos — = cos — , 

2 V 2 2’ 



( 1 . 12 ) 



where the real positive convention has been used in the last step. This means 
that the state in which the system is in, is given in terms of the eigenstates 
of the S z operator by 



1^-7;+} = cos ||+) + sin ||-}. (1.13) 

(a) From (S-l.4.17) we know that 

I Ite ; + } = I + } + I — } • (1-14) 



So the propability of getting 2 when S x is measured is given by 



(Sk; -\-\S ■ n; +) 



75 <+i + 7! h ) ( cos |i + ) + sin |i-: 



1 7 I.7 

— = cos 1 = sm — 

V2 2 t ^2 2 



1 



2 7 , 1 • 2 7 , 7 • 7 

= — cos — — sm b cos — sm — 

2 2 2 2 2 2 

= 4 -g i sin 7 = |(1 + sin 7 ). 



(1.15) 



For 7 = 0 which means that the system is in the |Sk; +) eigenstate we have 

l(S , æ ; +|S'^; +}| 2 = 4(1) = i. (1.16) 

For 7 = 7 t/2 which means that the system is in the |Sk;+) eigenstate we 
have 



I (Sk; +|S' æ ; +)| 2 — 1. (1-17) 

For 7 = 7 r which means that the system is in the |Sk; — ) eigenstate we have 

|(S' æ ;+|S' 7-)| 2 = 4(1) = i. (1.18) 
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(b) We have that 

((^-(^)) 2 ) = (^)-((^)) 2 - ( 1 - 19 ) 

As we know 

^ = - (|+)(-| + |-)(+|) =>- 

$1 = -J- (l+)( _ l + l _ )(+l) (l+)( _ l + l _ )(+l) 

^ 2 = x .(l+)(+l + l-)(-l). = ¥- (i- 20 ) 
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1.3 (a) The simplest way to derive the Schwarz inequality goes as 
follows. First observe 

((a| + A*(/5|) • (let) + A |/3)) > 0 

for any complex number Å; then choose Å in such a way that the 
preceding inequality reduces to the Schwarz inequility. 

(b) Show that the equility sign in the generalized uncertainty re- 
lation holds if the state in question satisfies 

AA|ct) = \AB\a) 



with Å purely imaginary. 



(c) Explicit calculations using the usual rules of wave mechanics 
show that the wave funetion for a Gaussian wave packet given by 



d\a) = (27 ro? 2 ) 1/,4 exp 



i(p)x' (x 1 — (x)) x 



h 



Ad 2 



satisfies the uncertainty relation 

/((Aa X)-J((±P) 2 ) = 

Prove that the requirement 

(x'\Ax\ a) = (imaginary number)(x / | Ap\a) 

is indeed satisfied for such a Gaussian wave packet, in agreement 
with (b). 



(a) We know that for an arbitrary state |c) the following relation holds 

(c|c) > 0. (1.26) 

This means that if we choose |c) = |cc) + A |/3) where Å is a complex number, 
we will have 



((a| + A*(/3|) • (|a) + A|/3)) > 0 => 
(a|a) + \{a\(3) + X*((3\a) + |Å| 2 (/5|/5) > 0. 



(1.27) 

(1.28) 
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If we now choose Å = —((3\a)/{(3\(3) the previous relation will be 



(• a\a 



(l3\a)(a\l3) _ {(3\a){a\(3) , \{P\a)\ 2 > r, 

(m (m ^ (m - 
(q'|q>(/3|/3> > {/3|Q')| 2 . 



(1.29) 



Notice that the equality sign in the last relation holds when 

\c) = | a ) + X\(3) = 0 =>• |a) = — A|/3) (1.30) 

that is if |a) and | (3) are colinear. 

(b) The uncertainty relation is 

((A.4) 2 )((AB) 2 )>i|([.4,B]>| 2 . (1.31) 

To prove this relation we use the Schwarz inequality (1.29) for the vectors 
|ck) = AA|a) and | (3) = AB\a) which gives 

{(AA) 2 ){(AB) 2 } > \{AAAB}\ 2 . (1.32) 

The equality sign in this relation holds according to (1.30) when 

AA\a) = \AB\a). (1.33) 

On the other hånd the right-hand side of (1.32) is 

|{A4AB)| 2 = i |([4.B]>| 2 + i |{{A4. AB})| 2 (1.34) 



which means that the equality sign in the uncertainty relation (1.31) holds if 

1|<{A4,AB})| 2 = 0 4. ({A4,AB}) = 0 

^ (a\AAAB + ABAA\a) = 0 (1 4 3) A* (a\(ABf\a) + \(a\(AB) 2 \a) = 0 
^ (A + A*)(a|(A5) 2 |a) = 0. (1.35) 

Thus the equality sign in the uncertainty relation holds when 



AA\a) = \AB\a) 



(1.36) 



with A purely imaginary. 
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(c) We have 



(x'\Ax\a) = (x'\(x — (x))|a) = x'(x'\a) — (x)(x'\a) 

= (x' — (x))(x / |a). 



On the other hånd 



(x'\Ap\a) = {x'\(p- {p))\a} 

Q 

= -(Ti— (A-'|a) - (p)(x'\ 



(1.37) 



(1.38) 



8 , „ s / n \ 8 [((p)?' (:c' - (x)Y 

dx F dx' h Ad 2 



//i \ I'(p) 1 / / / w 

= (:C|Q> --2X {X - {X>) 



So substituting in (1.38) we have 



(1.39) 



(,t'|Ap|q) = (p)(x'|a.) + (x — (x)) (.t'I«} — (p)(.t'|q) 

= ^^ X '~ = 7^p( x '\ Ax \ a ) ^ 

-i2d 2 

(x'\Ax\a) = — - — (x'\Ap\a). 

ri 



(1.40) 



1.4 (a) Let x and p x be the coordinate and linear momentum in 
one dimension. Evaluate the classical Poisson bracket 



[ X ^ F (P^\class t cal- 

(b) Let x and p x be the corresponding quantum-mechanical opera- 
tors this time. Evaluate the commutator 



x, exp 



(c) Using the result obtained in (b), prove that 



( iPx a \ | /\ j | /\ /| /\^ 

exp I I |x ), [x\x )= x \x )) 
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is an eigenstate of the coordinate operator x. What is the corre- 
sponding eigenvalue? 



(a) We have 



[x,F(p x )] 



classical 



dxdF(p x ) dx dF(p x ) 

dx dp x dp x dx 

dF( Px ) 
dp x 



(1.41) 



(b) When x and p x are treated as quantum-mechanical operators we have 



x , exp 



ip x a 

h 



00 l ia) n p n x 






H n n\ 



n = 0 

co i ( • „ \n n — 1 



^ 1 (laf 
= E [ x -,Px 



n = 0 



n\ n r 



= £ 



1 ( ia) r 



r ,nlh , „ 

n — 0 k = 0 



^2p k x [x,Px]p2 k 1 



00 1 (ia\ n n ~ l 

E J- k n-k-l 

^ — = £ 



00 n (ia) n 1 



71 = 1 



= -«£ 



k = 0 

'ia 



rA x n\ h 



n—PT'i-*) 



^ (n — 1)! V h 



-Pa 



n — 1 



= — a exp 



ip x a 

h 



(1.42) 



(c) We have now 

'ip x a 



exp 



h 



( b ) ip x a\ , (ip x a \ . , x 

\x ) = exp I J x\x ) — aex p ( — ; — ] \x 

/ (ip x a\ | (ip x a\. , x 

= x exp — — M x ) — a exp | — ; — I I x 



V h 



\ h 



( / N | A 

= [x — a ) exp I I |x ). 



(1,43) 



So exp \x') is an eigenstate of the operator x with eigenvalue x' — a. 

So we can write 



i / \ n (ip x a\ , 

\x — a) = U exp I J \x ), 



( 1 . 44 ) 



where C is a constant which due to normalization can be taken to be 1. 
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1.5 (a) Prove the following: 

d 

(0 (p'\x\a) = ih— (p'\ot), 

r\ 

(n) (/ 3\x\a ) = j dp'4>* p (p')i%—<]> a (p'), 

where 4> a (p r ) = ( p'\a ) and 4>p(p r ) = (p'\ft) are momentum-space wave 
functions. 

(b) What is the physical significance of 



exp 



IXZL 



h 



i 



where x is the position operator and ^ is some number with the 
dimension of momentum? Justify your answer. 



fa) We have 



{P I 



x\a) = 



(p\x j dx'\x')(x'\ o) = J dx'(p\x\x')(x'\a) 
j dx x (p \x') (x' |a) ^ ^ j dx x 'Ae 



* (x'\a) 



A / dx '^ ( e ^ ) ( lh )( x, \ a ) = lh -^i J dx ' Ae ~ 



ft (x \a) 



(p\x\a) = 



i*-®. 

dp< 

d 



o 

J dx' (p'\x')(x'\a) = z/t— — ~{p ' 1 



dp' 



\OL) 



lh 9^(p\ a )- 



(1.45) 



ii 



r\ 

((3\x\a) = j dp'((3\p')(p'\x\a) = j dp'4>* p (p')ih—<]> a (p'), (1.46) 



where we have used (1.45) and that (fi\p') = <f>%(p') and (p'\ct) = (f) a {p r ). 
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(b) The operator exp J gives translation in momentum space. This can 
be justihed by calculating the following operator 



p, exp 



ixz. 



h 



~ 1 (ixl 

p N^\~h 

°° 1 ( U U 



00 1 /?- 



n = 0 



[p,x r 



J2 x ' n ~ k [pN]x 

n=l V 7 k = 1 



k - 1 



g 1 fl=' n n 



. n\ \ h / , . 

n = 1 fc=l 



c« i /„■: 



n — 1 



n! V Ti 



n(—iti)x 



n — 1 



£ 



i 



^ (n — 1)! V ti 

f ix7~ 



n— 1 



„71 — 1 / 



-■*>(f) = s £ 



1 ( ixl 



71—0 



n! 



V h 



. exp 



V h 



(1.47) 



So when this commutator acts on an eigenstate | p') of the momentum oper- 
ator we will have 



p, exp 



P 



ixz 

~h 



, exp 



IXL 



ix 



h 



\p') = p 

= p 



ex P l ~T~ ) I P') 



exp 



h 

ix E 

h 



exp 



/ ixl 



\ h 



I p') 



p 



exp 



IXL 



P>\P>) : 

\P') 



exp 



h 



\p) = (p + S) 



exp ^ IT ) ^ 



Thus we have that 



exp 



/ ix E 

vir 



\p') = M p' + =), 



(1.48) 



(1.49) 



where A is a constant which due to normalization can be taken to be 1. 




36 



2 Quantum Dynamics 

2.1 Consider the spin-procession problem discussed in section 2.1 
in Jackson. It can also be solved in the Heisenberg picture. Using 
the Hamiltonian 

H = -(—)s z =uS z , 

\mcj 

write the Heisenberg equations of motion for the time-dependent 
operators S x (t), S y (t), and S z (t). Solve them to obtain S X}V}Z as func- 
tions of time. 



Let us first prove the following 

[As, B s ] = C5 => [Ah, B h ] = Ch- 

Indeed we have 

[A h , B h ] = A S U ,U ] B s u\ = U ] A S B S U - U ] B S A S U 

= U ] [As,B s ]U =U ] C s U = C h . 

The Heisenberg equation of motion gives 

dS x 1 1 1 [ c* q 1 (5—1.4.20) LO { 

~dt = = lh^ x,UJ ^ z = = ~Loby, 

^ = 

= ~T [$z, H] = -rr [S z ,loS z ] {S =' 20) 0 => S z = constant. 
at in in 

Differentiating once more eqs. (2.3) and (2.4) we get 

æ = — lo— -A- ( = ) — lo 2 S x =s S x [t) = A cos tot + B sin cut =>■ 5h(0) 



dt 2 
d 2 S , 



dt 



/j Q try o\ 

y = lo—A = —to 2 S y => S y (t) = C cos tot + D sin tot => 5^(0) = 



dt 2 dt 

But on the other hånd 



( 2 . 1 ) 

( 2 . 2 ) 

(2.3) 

(2.4) 

(2.5) 

= .4 
C. 



dS, 



= LO S 11 =>■ 



dt ~ y 

— Alo sin ut + Buo cos ut = — Clo cos ut — Doo sin ut 

A = D C = —B. 



( 2 . 6 ) 
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So, finally 



s x (t) 


= »Sh(0) cos tot — 5^(0) sin tot 


(2.7) 


Sy(t) 


= 5^(0) cos ut + Sh(0) sin ut 


(2.8) 


s z (t ) 


= S z ( 0). 


(2,9) 



2.2 Let x(t) be the coordinate operator for a free particle in one 
dimension in the Heisenberg picture. Evaluate 

[x(t),x(0)] . 



The Hamiltonian for a free particle in one dimension is given by 

H = —. (2.10) 

2 to v ; 

This means that the Heisenberg equations of motion for the operators x and 



p will be 
















dp(t) 

dt 




1 

ih 




= 0 ^ 




p(t) = 


p( o) 












(2,11) 


dx(t) 

dt 


in 


1 

ih 


x(t), 


i i 

-K> tf 


= —2 p(t)ih = 

2 mih 


p(t) (2.11) p( 0) _ 

TO TO 


x(t) = 


—p( o) + 

TO 


æ(0). 










(2,12) 



Thus hnally 



[x(t),x( 0)] 



— p(0) + x(0), x(0) 
TO 



— [p(0),i(0)] 

TO 



ifit 

TO 



(2.13) 



2.3 Consider a particle in three dimensions whose Hamiltonian is 
given by 



H 



p 2 



2 TO 



+ V(x). 
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By calculating [x ■ p, H] obtain 

To identify the preceding relation with the quantum-mechanical 
analogue of the virial theorem it is essential that the left-hand side 
vanish. Under what condition would this happen? 



Let us first calculate the commutator [x • p, H] 



[x ■ p, H] = 

= £ 



p 2 



3 ' * + V ' (f) 



E XiPi’ E tr + V ’(.?) 

8=1 j = 1 ^ 



Pj_ 

2m 



k + E A 'i [Pi> iin] 



( 2 . 14 ) 



The hrst commutator in (2.14) will give 



Pj_ 

2 m 



1 

2 m 



1 



1 



= 7T“ (j>j[xi,Pj\ + [®.4Pj]Pj) = + ihåijPj) 



2m 



2 m 



— 2ihSijPj — ' $ijPj- 

2m m 



( 2 . 15 ) 



The second commutator can be calculated if we Taylor expand the function 
V (x) in terms of Xi which means that we take V (x) = '22 n a n x'i with a n 
independent of X{. So 

n — 1 

\pi,V(x)] = 

71 = 0 

n- 1 a 

= £(-*h)x” _1 = = -ih—^anX 1 ^ 

n k=0 n ® X i n 

d 

= — ih— — V(x). (2.16) 



= £ a n [p t -, x^] = a n £ [p t -, æ,-] 



fc=o 

n — 1 



dx t 

The right-hand side of (2.14) now becomes 

^ 1 fi ^ 

[x-p,H] = V — SijPjPi + y2(-ih)xi— V(x) 
— m oxj 



o 

ih 



= — p —ihx-'VV(x). 
m 



( 2 . 17 ) 
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The Heisenberg equation of motion gives 

d -> -> I r-» -* tti (2-17) p -» VVT// m 

-x-p = — • p, = x-yV{x)=?- 

at in m 

iN-?> = (£)-<*-™>- c 2 - 1 *) 



where in the last step we used the faet that the state kets in the Heisenberg 
picture are independent of time. 

The left-hand side of the last equation vanishes for a stationary state. 
Indeed we have 



d \ 1 

— (n\x ■ p\n) = — (n| \x ■ p } H] \n) = — (E n (n \x ■ p\n) — E n (n\x ■ p\n )) = 0. 

CLl l Il l ti 

So to have the quantum-mechanical analogue of the virial theorem we can 
take the expectation values with respect to a stationaru state. 



2.4 (a) Write down the wave funetion (in coordinate space) for the 
state 



ex Pl -P)|0). 



You may use 



c'IO) = 7T V*x 0 1 exp 



x' 

Xq 



Xq = 



h 



mu 



1 / 2 N 



(b) Obtain a simple expression that the probability that the state 
is found in the ground state at t = 0. Does this probability change 
for t > 0? 



(a) We have 

| et, t = 0} 
{x'\a, t = 0} 



exp ( ^ ) |0> 



h 



{ x exp 



~l pa \ (Pr-lA-c) 



- 1/4 - 1/2 

tt x 0 exp 



x — a 



Xq 



(2.19) 
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(b) This probability is given by the expression 

|<0|o.i = 0>| 2 = |(e X p(^p)|0>| 2 . (2.20) 

It is 



<exp(^>) 



So 



For t > 0 

l(0|cy t)\ 2 



J dx'(0\x')(x > \ exp 
J dx' 7r _1/,4 x 0 1//2 exp 



-ipa 

h 

_ i 
2 



| 0 > 

x' \ 

Xq) 



7T _1/4 Xo 1/2 



exp 



x — a 



\ x o 
dx , 7r~ 1//2 xd 1 exp 
1 



2Xr 



x ' 2 + x' 2 + a 2 — 2 ax'^j 



\/nx 0 



exp 



dx ' exp 



9 ? ' 

a a a 



— x — 2x — -|- — -|- — 

<r\ O <r\ 1 a 1 a 



2x 2 0 



4xq J Xttx 0 



\/ttx 0 = exp ( — 



2 4 4 

2 



4x1 



( 2 . 21 ) 



|(0|a, t = 0)| 2 = exp — 



2 x o, 



( 2 . 22 ) 



\(0\U(t)\a,t = 0)\ 2 = 
\e- tEot/n {0\a } t = 0)| 2 



|(0 1 exp I a,t = 0)| 2 

= |(0|«,t = 0)| 2 . (2.23) 



2.5 Consider afunction, known as the correlation function, defined 

by 

C(t) = (x(t)x(O)), (2.24) 

where x(t) is the position operator in the Heisenberg picture. Eval- 
uate the correlation function explicitly for the ground state of a 
one-dimensional simple harmonic oscillator. 
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The Hamiltonian for a one-dimensional harmonic oscillator is given by 

p 2 (t) 



H = 



2 m 



+ ^mu 2 x 2 (t). 



(2.25) 



So the Heisenberg equations of motion will give 



dxit) 

dt 



xit), P ^ ^ + \mu 2 x 2 (t) 
2m 1 

.t(6.P 2 6)] + ,t 2 (^)] 

■Pit) = m 



= 4 

i 



dp(t ) 
dt 



2mih 
2 ih 

2ihm~ m 

4 wc, m = i 

in in 



(2.26) 



P ^)’^én + 2 mijj2x 2 (*) 



mu 



p(t),x 2 it) = — —[—2 itixit)\ = —mu 2 xit). (2.27) 



2 ih n v 2 ih 

Differentiating once more the equations (2.26) and (2.27) we get 

dntt) _ i dm ^ ^ T(j) = 4coswj + Bsinut 



dt 2 

d 2 p(t) 



m 



dt 



•( 0 ) = .4 



1 dx(t) ( 2 . 26 ) 2 



= —u 2 pit) =>• pit) = C cos ut + D sin ut =>• p(0) = C. 



dt 2 m dt 

But on the other hånd from (2.26) we have 

dxit) pit) 



dt 



m 



p(0) .D . 

— cux(0) sm cut + Bu cos ut = cos ut -\ smcut 

TO TO 



B = 



P( 0) 



TO02 



D = — tocux(O). 



So 



-KO) • 

x(t) = x(0) cos ut -\ sm ut 



mu 



and the correlation function will be 



C(t) = (x(t)x(O)) ^ (x 2 (0)) cos ut + (p(0)x(0)} sin ut. 



1 

mu 



(2.28) 



(2.29) 



(2.30) 
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Since we are interested in the ground state the expectation values appearing 
in the last relation will be 



<*’<"» = = db< 0|oo,|0 > = all 2 - 31 ) 



(p(o)æ(o)) = *y-y-y ^j(°l( at _ a )( a + at )l°) 

= -*^(0|aa f |0) = 



(2.32) 



Thus 



r<n\ k k k -iurt 

o (t) = cos tot — i sin cut = e 

2mcu 2mcu 2mcu 



(2.33) 



2.6 Consider a one-dimensional simple harmonic oscillator. Do the 
following algebraically, that is, without using wave functions. 

(a) Construct a linear combination of |0) and |1) such that (x) is as 
large as possible. 

(b) Suppose the oscillator is in the state constructed in (a) at t = 0. 
What is the state vector for t > 0 in the Schrodinger picture? 
Evaluate the expectation value (x) as a function of time for t > 0 
using (i) the Schrodinger picture and (ii) the Heisenberg picture. 

(c) Evaluate ((Ai) 2 ) as a function of time using either picture. 



(a) We want to find a state |a) = c o |0) + Ci|l) such that (x) is as large as 
possible. The state |a) should be normalized. This means 

| Co | 2 + l c i| 2 = 1 | c i| = ^/l — | c 0 1 2 • (2.34) 

We can write the constands c 0 and c\ in the following form 

c 0 = | Co le * 50 

ci = | Cl |e^ ( = 4) e iSl J 1 - |c 0 | 2 . (2.35) 
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by 



The average (x) in a one-dimensional simple harmonic oscillator is given 



(x) = (a\x\a) = (cq( 0| + q(l|) x (c o |0) + Ci|l)) 

= |c o | 2 (0|x|0) + CqCi(0|x| 1) + c^c 0 (l |x|0) + |ci| 2 (l|x|l) 

= |c ° | 2 /S^ (o|a + at|o) + c ° ci /S^ (o|a + at|i) 
+ctc °\/S^ (i|a + at|o) + |ci| 2 /S^ (i|a + at|i) 

= + Z«) = 2/^^) 

= 2 J — cos(hi - h 0 )|co|Vl “ I c 0 1 2 , (2.36) 



where we have used that x = + o'*'). 

What we need is to find the values of |c 0 | and hi — h 0 that make the 
average (x) as large as possible. 



d(s 



d\co\ 



d(x) 

n r 



= 0 



1 - kol 2 - 



Co 



ko l/i 



\J 1 _ koh 



1 - kol 2 - kol 2 = o 



Co = 



k2 



(2.37) 



= 0 



— sin(hi — 5q) = 0 =>■ ^ = 5 0 + rnr, n £ 2. (2.38) 



But for (x) maximum we want also 
d 2 (x 



d5\ 



< 0 =>■ n = 2k, k G 2. 



(2.39) 






So we can write that 

|a) = e“”4=|0} + e i < 5 »+“’>T| 1 ) = e *-L(| 0 ) + |1>). 

We can always take h 0 = 0. Thus 



(2.40) 
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(b) We have | «,t 0 ) = |«}. So 



| a,t 0 ;t) = U(t,t 0 = 0)|«, t 0 ) = e- im ' % \ a) = J- e ~ iE ^ n \0) + l=e~ Æ ^ % \l) 



72 



1 

72 



ot ' 2 10 ) + 



^ — iiu3t/2 



l 



72 e 



— iujt/2 



+ e 



72 



— ILUt 



.(2.42) 



(i) In the Schrodinger picture 

77 (cp tø , t 1 Xg I«, tø, t)^ 
~ 1 



-^= (e^ /2 (0| + e^ 3f/2 (l|) x -J= ( e -^ /2 |0) + e ~^ 3t/2 
= I e *’M /2 -^ /2 )( 0 | a: |i) + i e *( w3t / 2 - wt / 2 )(i | æ |Q) 



_ 1 -iujt h i 1 iwt 

~ 2 V 2mcu ' 2& \ 



h 



h 



■ COS Cut. 



2 mcu V 2 mcu 

(ii) In the Heisenberg picture we have from (2.29) that 



(2.43) 



So 



p(0) 

xn{t) = æ(0) cos cut 4 sin cut. 



mcu 



(x)// = (a\xff\a) 



> + 7 (11 



p(0) . \ 

x(0) cos cut H sin cut 

mcu J 






1 1 



= | cos cut (0 1 ®|1) + \ coscut(l|x|0) + - sin cut (0 1 p 1 1 ) 



mcu 



+ - 



1 , 



1 



mcu 



sincut(l|p|0) 



2 V 2mcu 

1 



h i h 1 mhtu 

cos cut + -\l cos cut + sm ut{—i)\l 



2mcu 



2 mcu 



2 mcu 



sin cut* i 



I mhto 



h 



2mcu 



cos cut. 



(2.44) 



(c) It is known that 



<(Az) 2 > = (* 2 >-<*) 



( 2 . 45 ) 
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In the Schodinger picture we have 



x = 



I h 1 1 2 

v^ (a+a) 



2 mcu 



(a 2 + a^ 2 + aa ^ + a^a), (2.46) 



which means that 



U)s (cpto 7 t|x 

1 



V2 



Jtot/2 / Al i ito3t/2 



+ e^/ 2 (l| 



V2 



e-’ w/ 2|0) + e — 3t / 2 |l) 



I e iM/ 2 -^/2)( 0 | aa t| 0 ) + i e h-3V2-^/2)^| aa t|^ + i(i| a t a |i) 

[I + 21 + I] n * 



h 



So 



2 mto 2 mto 



(2.43) h h 9 

— cos 2 cut = 



((Ai) 2 /S = 

u 7 7 2mcu 2mcu 

In the Heisenberg picture 



2mcu 



sin 2 c at. 



J H 



(*) = 



1 2 



p(0) . 

x(0) cos cut 4 sm cut 

mcu 



x 2 (0) cos 2 cut + ^ ^ \ sin 2 cut 
m 2 cu 2 



x(OWO) . p(0)x(0) 

4 cos cut sm cut 4 cos cut sm cut 



mcu 



mcu 






2mcu 
mhto 



/ 2 +2 + + \ 2 

(a a' + aa 1 +a'a) cos cut 



2m 2 cu 2 



/ 2 +2 + t \ • 2 » 

(a +a' — aa'— a'a) sm cut 



t hmhto . + sin2cut 

4 )/ — ; (a + a T )(a T — a)- 



mcu V 4mcu 



t TimTito + + 

4 \ — (a -a a + a 

mcu V 4mcu 

h 

2mcu 



2 

sin 2cut 



(a 2 4~ 4~ 4- o)a) cos 2 cut 



2mcu 

(2.47) 



(2.48) 




46 



/( / ? ■(■2 -t- 4. . . o ^ /t / ■(■ 2 o . . 

(a + a 1 — aa 1 — a 1 a ) sm cut 4 ( a 1 — a ) sin 2c ut 

2mcu V ; 2mcu V ; 

/t,xx /to /t 4- 2 

(aa'+a'aJH a cos 2cut H a 1 cos 2cut 

2mcu V 2mcu 2mcu 



+ 






2mcu 
which means that 



(a^ — a 2 )sin2cut, 



(2.49) 



\ x h)h — {°'\ x h\°')h 



> + >> 



h 



2mcu 



> l + >' 



xx 2 +2 x2 2 

aa'+a'a + a cos2cut + a' cos2cut + z(a' — a 



h 



4mcu 

h 

4mcu 



l|aa^|0) + (l|aa^|l) + (l|a^a|l) 

r x h 

[1 + 2 + 1 ] = 



TOCU 



So 



((A xf) H = 



(2.44) h 



h 



2mcu 2mcu 



■ cos cut = 






2mcu 



sin cut. 



(2.51) 



2.7 A coherent state of a one-dimensional simple harmonic oscil- 
lator is defined to be an eigenstate of the (non-Hermitian) annihi- 
lation operator a: 

a|Å) = Å|Å), 

where Å is, in general, a complex number. 

(a) Prove that 

|Å) = e“l A l 2 / 2 e Aat |0) 

is a normalized coherent state. 

(b) Prove the minimum uncertainty relation for such a state. 



) sin 2c ut 



(2.50) 
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(c) Write |Å) as 

OO 

l A ) = J2f( n ) \ n )- 

n — 0 

Show that the distribution of \f(n )\ 2 with respect to n is of the 
Poisson form. Find the most probable value of n, hence of E. 

(d) Show that a coherent state can also be obtained by applying 
the translation (finite-displacement) operator e~ vpl / n (where p is the 
momentum operator, and l is the displacement distance) to the 
ground state. 

(e) Show that the coherent state |Å) remains coherent under time- 
evolution and calculate the time-evolved state | Å(t) ) . (Hint: di- 
rectly apply the time-evolution operator.) 



(a) We have 

a\X) = e - |A|2/2 ae Aat |0) = e“ |A|2/2 [a, e Aat ] |0), (2.52) 

since a|0) = 0. The commutator is 




So from (2.52) 

a\X) = e - |A|2/2 Åe Aat |0) = Å|Å), (2.54) 

which means that |Å) is a coherent state. If it is normalized, it should satisfy 
also (Å|Å) = 1. Indeed 

(Å|Å) = (0| e A * a e - |A|2 e Aat |0) = e- |A|2 (0|e A *“e Aat |0) 
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= e “ |A|2 V— -(A*) n A m (0|a n |(a t ) m |0) [(a f ) m |0) = Æl|m)] 

n,m nlml 

, , i \ |2 v — 1 



= e -l A ' 2 



£ ^r^r'A') A = e~W £ -^(|A| 2 )- 



n\ m\ 

= e -l A l 2 e l A l 2 = l. 



n,m 

12 l \ 1 2 



n ! 



(2.55) 



(b) According to problem (1.3) the state should satisfy the following relation 

Ax|A) = cAp|A), (2.56) 

where Ax = x — (A|x|A), A p = p — (A|p|A) and c is a purely imaginary 
number. 

Since |A) is a coherent state we have 

a|A) = A|A) => (A|a f = (A|A*. (2.57) 

Using this relation we can write 



= /E ( “ + a,p > = /E (a + at)|A> (2 - 58) 

and 

(x) = (A|x|A) = ^^^(AKa + a f )|A) = y^^((A|a|A) + (A|a f |A)) 

= É 7 A + A,) < 2 - 59) 

and so 



Ax|A) = (x- (æ))|A) = y 7^j( a - A *)I A )- 

Similarly for the momentump = — a) we have 

p|A) = - a)|A) = - A)|A) 



(2.60) 



2 



2 



(2.61) 
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and 



(p) = ( A H A ) = *^y^( A K at - «)I A ) = ~ ( A M A )) 

(2.62) 



= m&*- a ) 



and 



so 



Ap|A) = (p-( P ))|A)=i^^(o'-A>)|A) 



mhuj 

So using the last relation in (2.60) 



(2.63) 



a *i a >=i/£- < >&' , i a >= -Ja Ap|A> (2 - 64) 

purely imaginary 

and thus the minimum uncertainty condition is satisfied. 

(c) The coherent state can be expressed as a superposition of energy eigen- 
states 

OO OO 

l A ) = J2 \ n )( n \ X ) = J2 f( n ) \ n )- (2-65) 

n = 0 n = 0 

for the expansion coefhcients f(n) we have 
f(n) = (n|A) = (n|e- |A|2/2 e Aat |0) = e- |A|2/2 (n|e Aat |0) 




l/(»)| 2 = !h^exp(-|A| 2 ) (2.67) 

ni 

whichmeans that the distribution of |/(n)| 2 with respect to n is of the Poisson 
type about some mean value n = |Å| 2 . 
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The most probable value of n is given by the maximum of the distribution 
\f(n)\ 2 which can be found in the following way 



\f(n + 1) | 2 _ 1 ^ I 1 exp(-|A| 2 ) 



2\n+l 



I f( n W 



(|A| 2 F 



exp( — | Å | 2 ) n + 1 



> f 



( 2 . 68 ) 



which means that the most probable value of n is 



(d) We should check if the state exp (— ipl/fi ) |0) is an eigenstate of the an- 
nihilation operator a. We have 



a exp (— ipl/h) |0) = [a, |0) (2.69) 

since a|0) = 0. For the commutator in the last relation we have 



1 = f^-l — 



n = 0 



n\ 



h 



oo i / • / \ n n 

= J2p k ~ 1 [a,P]p n ~ k 



n = 1 n ' \ H / k = 1 



g 1 (-il 



. ni \ h , , , 

n — 1 \ / k = 1 



Y,p n ~ H \ 



/ mhto 



I mhto ( — il\ 
= 1\I— I — I 



1 (—Up 

h J ( n ~ !) ! V h . 



n — 1 



~ 2h 



where we have used that 



[a,p] = i) 



/ mhto , 



I mhto 



a,a' — a = i\ 



. 2 L 1 1 V 2 

So substituting (2.70) in (2.69) we get 

Ityilo 

a [exp (-ipl/h) |0)] = l^J— [exp (-ipl/h) |0)] 



(2.70) 



(2.71) 



(2.72) 



which means that the state exp (—ipl/h) |0) is a coherent state with eigen- 



vahre U^. 



(e) Using the hint we have 

|A(t)} = U(t) |A) = e~ tHt/n \\) ( = 6) e~ tHt/n e -|A | 2 /2 + y. 



n = 0 



n) 
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Thus 



OO I 

c - tE n t /% c -\\\ 2 /2 1 y 

^ Vn\ 



n = 0 

oo 



(2 å 9) 



OO 1 1 

^ e yl Mn+ -) e _l A l 2 / 2 1 A 

^ \fn\ ; 



n — 0 



= e 



£ ( e -^)%-^/ 2 e -l A ' 2 / 2 ^A n |n) 
n =o v«! 

ø*q / \ ZLU~t \ ^ 

-iujt/2 „-IAe-^Y/2 l Ae J I \ (2_^66) ^ tult / 2 



£ 

n=0 



|A' 



— ZLOt \ 



(2.73) 



a|A(t)) = e-^ /2 a|Ae-^) = Ae“^ f e“^ t/2 1 Ae“^ f ) 



\ —itot 

= Ae 



|A(t)>. 



(2.74) 



2.8 The quntum mechanical propagator, for a particle with mass 
to, moving in a potential is given by: 



/•oo 

K(x,y,E)= / dte lEt / n K(x,y]t, 0) = Ay~) 



sin(nrx) sin(nry) 



£ - 



fr 2 r 2 

2m 



■n* 



where 4 is a constant. 

(a) What is the potential? 

(b) Determine the constant A in terms of the parameters describing 
the system (such as to, r etc. ). 



We have 
K(x,y; E) 



r°° c°° 

/ dte' Et/n K(x,y,t, 0)= / dte lEt/n {x } t\y, 0) 
Jo Jo 

n dte tEt/n (x\e- tm/n \y) 

Jo 

roo 

/ hte^ /7l V(x|e- 8m/ »(n|y) 

J o 

roo 

/ dte lEtl% y j e- lEntl% {x\n){n\y) 

J o 

' 52 <f>n(x)<f>n(y) J Q e l(E - En)tl% dt 
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= YsM^niy) lim 

n 

= J2M x Wn(y) 



—ih 



£ — ^0 
ih 



E — E n + te 



3 i(E-E n +ie)t/% 



J 0 



E — Er, 



(2.75) 



So 



ih 



J2M x Wn{y) E _ E = A-Y, 



sin nrx sin nr 



y) 



n n 



E - \^n 2 

2 m 



1 A 



h 2 r 2 



(t>n{x) = \—sm(nrx), E n = 

in Zm 



■n 



(2.76) 



For a one dimensional infinite square well potential with size L the energy 
eigenvalue E n and eigenfunctions (f> n (x) are given by 



Comparing with (2.76) we get = r =>■ L = ^ and 

0 for 0 < x < - 



n 



V = 



oo otherwise 



(2.77) 



(2.78) 



while 



A 2 r t 2 hr 

— = — => A = i . 

ih TT TT 



(2.79) 



2.9 Prove the relation 

dO(x) 

— = S{x 

where 0(x) is the (unit) step function, and S(x) the Dirac delta 
function. (Hint: study the effect on testfunctions.) 



For an arbitrary test function f(x) we have 
f+°° d9(x) s , f+°° d 



dx 



f(x)dx = [ — [6{x)f{x)] dx — 

J — oo dx 



,+ ” e (x) r MAid x 

—oo dx 
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dO(x) 

dx 



0{x)f(x) 



+ oo 
— oo 



P + OO 



df(x] 

dx 



dx 



lim f(x)-f(x)\ 

^—>+00 1 

/ +00 

8(x)f(x)dx 

-OO 

8(x). 



I+OO 



= /( 0 ) 



(2.80) 



2.10 Derive the following expression 

S d = n rrix \{ X l + 2 æ x) COS (toT) - X 0 X T ] 

2 sin (tul ) L J 

for the classical action for a harmonic oscillator moving from the 
point xq at t = 0 to the point xj at t = T . 



The Lagrangian for the one dimensional harmonic oscillator is given by 



C(x,x) = 8 m x 2 — Imu 2 "- 2 
From the Lagrange equation we have 



(2,81) 



dC d dC (2.81) 2 d 

— r+rv = 0 =/- — mto x - mi = 0 => 

dx dt dx dt 

x + uj 2 x = 0. 



(2.82) 



which is the equation of motion for the system. This can be solved to give 

x(t) = A cos ut + B smut (2.83) 

with boundary conditions 

x(t = 0) = x 0 = A (2.84) 

xit = T) = xt = x o cos uT + B sin uT =? B sin uT = xt — x 0 cos uT =? 

X T — Xq COS uT 



B = 



(2.85) 



sin uT 
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So 



xt — x o cos uT . 

x(t) = x 0 cos u t -\ ; — smut 

sm uT 

x 0 cos ut sin uT + xy sin ut — x 0 cos uT sin ut 
sin uT 

xt sin ut + x 0 sin u(T — t) 
sin uT 

Xju cos ut — x 0 u cos u(T — t) 



x(t) = 



sin uT 



With these at hånd we have 
rT 



S = 



j dtC(x,x) = J dt 



. 9 1 2 2 

2 mx — -mto x 



dt 



d 



1 f ■ \ 1 •• 1 22 

~m — (XX) — T.mxx — ^ mu x 
1 dt 1 1 



rT jjj 

= —\ m J dtx[x + u 2 x] + —xx 

(2 = ' j [z(T)i(T) - aO)i(O)] 



m 

~2 



XTtO . XqU 

(Xt cos Ul — Xq) : (Xt — XQ cos ul ) 



sin uT 
mu 



sin uT 

\x\ COS uT — X 0 Xy — X 0 Xy + Xq cos uT] 

\ (xj + Xq) COS uT — 2x 0 Xyl . 

Zsmul L J 



2 sin uT 
mu 



2.11 The Lagrangian of the single harmonic oscillator is 

r 1-2 1 22 

L = — mx mu x 

2 2 



(a) Show that 



(x b t b \x a t a ) = exp 



' iS c j 

. h . 



G(0,t b ; 0, t a ) 



where S c i is the action along the classical path x c \ from (x a , 
(xfc, t b ) and G is 



G(0,tb] 0, t a ) = 



( 2 . 86 ) 

(2.87) 



( 2 . 88 ) 



t a ) to 
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lim 

TV— >-oo 



dy 1 . . . dy N 



m 

2irifze 



(N+l) 

2 

exp 



N 



Z ^ — 9 TTl , .9 1 9 

J- 7T (di+i - Vi) - 2 emUJ y. 

n 3=0 1 



wherp f — — — — 
wneie fc (JV+l)’ 

[Hint: Let y(t) = x(t) — x c i(t) be the new integration variable, 
x c i(t) being the solution of the Euler-Lagrange equation.] 

(b) Show that G can be written as 

( 2V+ 1) 

G = lim ( — ) / dy 1 . . . dyMexp(—n T crn) 

jv^oo V2 TTiheJ J y y J 



where n - 
matrix a. 



y 1 

Vn 



and n T is its transpose. Write the symmetric 



(c) Show that 

J dyi . . . dy^exp{—n T an) = J d N ne~ r 



r N/2 



V detcr 



[Hint: Diagonalize a by an orthogonal matrix.] 

(d) Let detcr = deta' N = p jy. Define j x j matrices cr' that con- 

sist of the first j rows and j columns of a' N and whose determinants 
are pj. By expanding cr' +1 in minors show the following recursion 
formula for the p 3 \ 



Pj+i = ( 2 - e 2 u 2 )Pj -Pj-i j = l,...,iV (2.89) 



(e) Let cj)(t) = epj for t = t a + je and show that (2.89) implies that in 
the limit e — > 0 , </>(t) satisfies the equation 



d 2 (f) 

~dU 






with initial conditions (f>(t = t a ) = 0, ta ^ = 1. 
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(f) Show that 






mu 



imu 



exp ■ 



27ihh sin(cuT) [ 2fi sin(cuT) 



-[( x b + æ a) COS (uT) - 2x a x b \ 



where T = t b — t a . 



(a) Because at any given point the position kets in the Heisenberg picture 
form a complete set, it is legitimate to insert the identity operator written 
as 

j dx\xt)(xt\ = 1 ( 2 . 90 ) 



So 



(x b t b \x a t a ) = lim / . . . 0?xjv(x6t6|xjvtjv)(xjvtjv|xjv_itjv_i) . . . X 

N — »oo J 

(%i+lti+l \XiU) . . . (XitilxJa). ( 2 . 91 ) 



It is 



+ + 1 / — \%i- 



*+ll 






x % ) = ^+i|e 

t p‘ 



iHe/fi | ^ 



. e/ l 9 , 1 
D — t-^{y7np + — rruu^x^ 



= {xi- |_i|e ' S2 ">e ‘ h 2 



-ir 



.2 rJ 2 . 



\Xi 



■ £ 1 9 9 

-ir T^TXUjJ X 

— e h 2 * 



{x t+ i\e l ^^\x % ) 
For the second term in this last equation we have 



£ P 



since e is very small) 

( 2 . 92 ) 



(Xi+l |e 



(x 8 + i|e l ^^\p % ){p % \x % 



X'+i 






Xi) 



1 



2nh 

1 

2iTh 

1 

2iTh 









-(æ, + l-æ,) 2 
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2irh V *e 



V 27t hie 

Substituting this in (2.92) we get 



:(x t + 1 -xij 2 



(2.93) 



/ x i 4 \ m \ 2 ^)2_ 



9 1 9 

— -^emtu x t 



(2.94) 



and this into (2.91): 



(x b tb\x a t a ) = J Dxexp |^[ æ ]} = 



(iV+l) f • JV r 1 , 

V f 1 1 f ^ 4 2 I ^ v“^v /71 , \ 2 1 2 2 

lim / axi . . . dx/v exy < — > — x,-+i — x, emto x • 

N^ooJ V2 mheJ \hjT'o'- 2£ 2 J 

Let y(t) = x(t) - x d (t) => x(t) = y(t) + x c/ (t) => x(t) = y(t) + x c/ (t) with 
boundary conditions y(t a ) = y(t&) = 0. For this new integration variable we 
have Dx = Dy and 

rtb 

^[x] = S[y + x d \= / C(y + x ch y + x d )dt 

Jt a 

f tb dC dC . d 2 C 2 . d 2 C , 2 

= / £{x d , x d ) + — — y + y + 2 1/ + 2 TUT 2/ 

Jt a (7X ox o l x ox l 

L æ ci ^ci Wi W! 



d 2 C 

1 ^±1 M 

2 a-5 y 



„ 0.0 | f tb dC d ( dC \ i i /•» r i .o i , ,1 , 

= S -' + W!'l +/ y+ l- \^y-^y}dt. 



(x h t b \x a t a ) = /2>yexp{is rf + ijf [|my 2 - |?mu 2 y 2 ] dt 



ri 5 .i 

= exp — - (7(0, t b ; O, t a 



(2.95) 



G(0,t 6 ; O, t a ) = 



(w+i) f i w fm 1 

Y^jd yi ..Ay N {£L-) 1 
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(b) For the argument of the exponential in the last relation we have 



N 

£ 

J=0 



m , x 2 1 2 2 



2 e 



(yj+1 - Vi) - Vj 



(2/0=0) 



(j/2V+ 1 = 0 ) 



i N m i N 1 

t / 2 1 2 \ 1 1 2 c Wx+l 

^ ^(yj+i + Vj ~ Vj+iVj ~ yjVj+i) ~j l 2^ 2 emiJj yi6l]V] = 

3 = 0 i,j = 1 

JV o JV 

m x , /c c lemto x , 

^ 2^ v-ywiVi - ywj+iyj ~ yw+ iæ) — ^^.(2.96) 

* i,i=i *,j=i 

where the last step is written in such a form so that the matrix er will be 
symmetric. Thus we have 



G = lim . 

N—3co \2irine 



(X+l) 

2 



^Tritie ) J dyi . . .dy N exp(-n T an) (2.97) 



with 



er = 



m 
2 eih 



2 


-1 


0 .. 


0 


0 ' 




' 1 


0 


0 . 


. 0 


0 ' 


-1 


2 


-1 . . 


0 


0 




0 


1 


0 . 


. 0 


0 


0 


-1 


2 .. 


0 


0 


iemuj 2 

H 


0 


0 


1 . 


. 0 


0 












2 h 










• K 


0 


0 


0 .. 


2 


-1 




0 


0 


0 . 


. 1 


0 


0 


0 


0 .. 


. -1 


2 _ 




_ 0 


0 


0 . 


. 0 


1 _ 



2.98) 



(c) We can diagonalize er by a unitary matrix U . Since er is symmetric the 
following will hold 

er = W<t d U => a T = U T a D {U ] ) T = U T a D U* = o => U = U* . (2.99) 

So we can diagonalize er by an orthogonal matrix R. So 

er = R T ctdR and det i? = 1 (2.100) 

which means that 
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det (J ' +1 = (2 — £ 2 uj 2 ) det cd — det cr'_ 1 => 

Pj + 1 = (2 - £ 2 lo 2 )Pj - Pj-i for j = 2,3, . . . , N (2.103) 

with p 0 = 1 and pi = 2 — e 2 cu 2 . 

(e) We have 

</>(t) = + jé) = epj 

=> 4>{ta + (j + l)e) = epj +1 = (2 - £ 2 to 2 )£p 3 - epj-i 

= 2(f)(t a + je) - £ 2 L0 2 (f)(t a + J£) - (f)(t a + (j - l)e) 

=> (f>(t + e) = 2 (f>(t) — £ 2 (jj 2 (f>(t) — (f>(t — £). (2.104) 
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So 



4>(t + e) — </>(/) = </>(/) — (j)(t — s) — e 2 u 2 (j)(t) 

4>(t+e)-4>(t) _ 4>(t)-4>(t-e) 

S £ = -UJ 2 (j)(t) =>■ 



lim 
€ — ^0 



4>'(t) - 4>\t - e) ^ d 2 (j) 

— LO =>■ ^ 2 W ( PV')- 



From (c) we have also that 

= £Po ~ t 0 



and 



. <f)(t a + e) - <f)(t a ) e(pi - Po) 

-U„) = = = p,-n 

= 2-eV-Ml. 



The general solution to (2.105) is 

<f>(t) = As\n(ut + 8) 

and from the boundary conditions (2.106) and (2.107) we have 
4>(t a ) = 0 =>■ A8m(ut a + h) = 0 =>■ S = — ut a + mr n G 2 
which gives that <f>(t) = Asinuit — t a ), while 

= Au cos (t — t a ) =>■ <//(t a ) = Au ^ =>■ ^ 

Au = 1 =>• A = — 
u 

Thus 






sincu(t — t a ) 
u 



(2.105) 

(2.106) 

(2.107) 

(2.108) 

(2.109) 

(2.110) 

( 2 . 111 ) 



(f) Gathering all the previous results together we get 



G = 



lim 

N — >-oo 



/ m 
v27 xifie 



(W+ 1 ) t f 



JV 



V detcr 



1/2 




2 . QUANTUM DYNAMICS 



61 



/ m \l/2 

\ 2 nih) 



N 



j 2 ihe , 
lim e deto 

JV->æ \m 



- 1/2 






( 2 . 111 ) 


/ 


mu 




Y 2 iTih sin 


(uTY 


So from (a) 








(xbtb\x a ta) 


exp 


'lS c i 

. ti . 


G( 0 , 


( 2 . 88 ) 


r 


mu 



( 2 . 112 ) 



2 iriti sin(a;T) 



exp 



imu 



2 h sin uT 



(x 2 b + x 2 ) cos uT — 2 xf,x c 



2.12 Show the composition property 



/ dx 1 Kf(x 2 ,t 2 -,x 1 ,t 1 )Kf(x 1 ,t 1 -,xo,to) = Kf(x 2 ,t 2 ',X 0 ,to) 



where Kf(xi, tp x 0 , t 0 ) is the free propagator (Sakurai 2.5.16), by 
explicitly performing the integral ( i.e . do not use completeness). 



We have 



J dx 1 Kf(x 2 ,t 2 ] x 1 ,t 1 )Kf(x 1 ,t 1 -, xqUo) 

im(x 2 — X \) 2 



dx i. 



m 



2 t\ ' ih(t 2 — ti 



■ exp 



2 h(t 2 - ti) 



m 



■ exp 



im(x i — x 0 y 
2niTi(ti — to) ** [ 2h(ti — to) J 
m I 



1 



iniXr 



irrix 



2 nih\j (t 2 — ti)(ti — t 0 ) P 2 Ti(t 2 - tQ r 2 h(t 2 - tQ 
im o irn Q irn 



■ exp ■ 



o 



dx i exp 



_2 h(t 2 - hf 1 + 2 h(t 2 - hf 1 2 h(t 2 - ti) 



x? — 



-2xix 2 — 



im 



2xix 0 



2 h(t 2 - ti) 




62 



m 



xi 



2inh\] (t 2 - ti)(ti - t 0 ) GXP \ 2 h l(t 2 - ti) (ti - t 0 )J j 

f f im 1 1 2 im æ 2 Xo 

J \ 2h [(t 2 - ti) (ti - 1 0 ) J h L (t 2 — ti) (ti - 1 0 ) 






m 



im 

ex P TTT 



Xr 



2Trih\l (t 2 - ti) (ti - t 0 ) 2 h 

f , [ -m r t 2 - 1 0 

J dx ' exp \ 2 m [ (ta -*,)(*. -*o)J 



(#2 - *l) + (#1 - *o) 






2 2/i t 2 — t 0 irri 


1 

-K> 

1 

(M 

-K> 

O 

+ 

0 

-K> 

1 

-K> 

(M 


_ Xl iTO (t 2 — ti)(ti — t 0 ) /i Xl 


1 

0 

-K> 

1 

-K> 

-K> 

1 

(M 

-K> 



m 



2TTih\j (t 2 - ti) (ti - t 0 ) exp [ 2/i 
[ , \ -m \ t 2 - t 0 

J dxiexp \m 



im 



j{t\ ~ to) + æp(t 2 - ti) 

(t 2 - ti)(ti - t 0 ) 

X 2 (t\ — to) + Xo(t 2 — ti) 

(t 2 — to) 



x 1 — 



im 



(t 2 - ti)(ti - t 0 )J 

[x 2 (ti — t 0 ) + x 0 (t 2 — ti)] X 
exp \ 2h (t 2 - ti)(ti - t 0 ) (t 2 -t 0 ) J 

1 7r2 ih(t 2 — ti ) (ti — t 0 ) f im 1 

— ; ; eXD < — 



m 1 TT2ih{t 2 — ti ) (ti — t 0 ) I im 1 

2mh\J (t 2 — t x )(ti -t 0 )\ m(t 2 - t 0 ) GXP \ 2/i (t 2 - ti)(ti - t 0 ) 

f ^ 2 (ti - t 0 )(t 2 - t 0 ) + xg(t 2 - ti)(t 2 - t 0 ) 

(t 2 — t 0 ) 

r 2 (ti - t 0 ) 2 - xg(t 2 - ti) 2 - 2x 2 x 0 2(t 1 - t 0 )(t 2 - ti) 1 

(t 2 — t 0 ) J 



m 



exp 



27 rih(t 2 — ti) 

f im æ 2 (ti - t 0 )(t 2 - t 0 - ti + t 0 ) + x 2 0 (t 2 - ti)(t 2 - t 0 - t 2 + ti) 
2/i t+_ ^ _+.v+. _ i-'i 



(t 2 — t 0 )(t 2 — ti) (ti — t 0 ) 

2x 2 xo2(ti — to)(t 2 — ti) 

(t 2 — t 0 )(t 2 — ti ) (ti — t 0 ) 

im(x 2 — xo) 
exp 2 h(t 2 - t 0 ) 



TO 



y 27ri/i(t 2 - t 0 
= A/(x 2 , t 2 ; x 0 , t 0 ). 



( 2 . 113 ) 
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2.13 (a) Verify the relation 



[n«-> n.,] 




' ! C l,- 



where II = rajj = p — and the relation 



d 2 x dM 
m— — = ~r = e 
dt 2 dt 



-> 1 f dx -> -> dx 3 

E -\ -x5-5x- 

2c V dt dt , 



(b) Verify the continuity equation 

dp 



dt 



+ V'-j = 0 



with j given by 



7= (-) 3(rVV)- (— ).4|Xf. 

\m \mc ; 



(a) We have 

pn iy 



We have also that 



eA; 



Pi 



c 



,Pj 



eA i 



= ~~ \P^ A i] ~ ~ [ A nPj\ 
c c 



ihe dAj ihe dAi ihe ^ dAj dAi 
c dxi 



c dx 3 



c \ dx; dx , 




x /’//,■ Uf- . 



(2.114) 



dxi 1 r jr-, 1 

dt ~ ^ ~ ih 



n 2 

2 m 



+ e(f> 



1 


n 2 ’ 


ih 


Xj, 

2 m 



ih2m ^4 A ^4 t 3 '*’ ^t]} — ih2m ^4 A ^4 [‘WPj]} 

2 ih _ ih 

2 ihm 3 tJ m ^ 
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1 dx ■ 1 TT 2 

= 4r ^-,H =-X- ILi, — + e<t> 
ih dt ihrri 2 m 



- ~T7) — 2 {P*' 5 n?] iij + iij [n 8 , iij]} + — — [n t -, </>] 

in2m z inm 

(2-114) 1 \Xe~ p ^ , ihe ~ nD ] , e 

— ~ o ■ + &ijk-£3k*-*-j \ &ijk*-*-j *3k \ Pi 

2 m 2 iTi [c c \ itim L 

c c 

71 9 ( H - £« j/cll-j _£?/- ) tt [Pt 0] 

zm^c tam 



2 m 2 c 



I ‘As J Ay j \ C C)(j) 

m ( £ tjk—Bk — £tkjB k — ) — ttt 



— eEi + 



= e É + 



2c [ydt 
1 ( x 



B) - B 



2 c \ dt 



B-B 



(2.115) 



(b) The time-dependent Schrodinger equation is 



ih—(x'\a,t 0 ]t) = (x'\H\a,t 0 ]t) = (x'\ — lp — | + e(f)\a,t 0 ;t) 

= — -ihV'-^Xl . _^v'_£2P1 (x'\a,t 0 ;t) + eMx r ){x'\a,t 0 -t) 

2m c c 

= 2 h 2 v' • v' + -ihv' ■ Å{x') + ih-Å{x') • v' + ^A 2 (x') ip(x\ t) 

2m [ c c c 2 J 

+e</>(x / )'ø(x / , t) 



= h 2 VX(x\t)' + -ih v' • A) k(x'A) + -ihAix') • vV(f',t) 

2 m i c v ' c 

+ ih-Å(x) ■ A) — -1 2 (x , )'ip(x,t) + e</>(x / )'ø(x / , t) 

c c 2 J 

= — -h 2 v ,2 ip + -ih fv' • Å) + 2ih-Å- VV + %A 2 ip + e^. (2.116) 

2m c v 2 c c 2 



Multiplying the last equation by ip* we get 



ihip*—^ = 
ot 
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1 

2 m 



-h 2 4>*V 2 4> + -ih (v' • Å) |vf + 2 ih-Å-ii>*v'ii> + —A 2 tøf 



+ e<f>\ip\ 2 . 



The complex conj ugate of this eqution is 

—ihifi^-ip* = 

Y dU 



1 

2 m 



-hVv'V - -ih (v' • Å) |vf - 2 ih-Å-ipv'ip* + — r-A 2 l'ø | 2 



+ e^lV’P 



Thus subtracting the last two equations we get 



h 2 



é*V 2 é - UV 

2 m ^ y y 



a 



+ ( — )ih{V' ■ hP L,J2 



(- 

= Ifi f ^ 



+ ( — jihA- (yj*V'ip + V>Vtø>*) 
mc; 



~T~ V 

2m 

= m åu 



t L/.*Y7'„ 



W - V’VVI + (—) ih (v' • A) tø| 2 + ( — ) ihA • (v'IV’l 2 ) 



\mcj 



e \ , A 



mej 



|-Wf = --V' • fø(V’*vV)l + (— ) V' • 

Ot m 1 J \mcj 






— 3#*VV) - f— ) Atøf 

m \mcj 



= 0 



dp 

Ih 



AV' -j = 0 



(2.117) 



W ith J= A ^*VV)-M- 



and p = |?/f 



2.14 An electron moves in the presence of a uniform magnetic held 
in the z-direction ( B = Bz ). 



(a) Evaluate 



[n*,iu 



where 



fp — Px 



eA r 



c 



Tly = Py 



eAy_ 

c 
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(b) By comparing the Hamiltonian and the commutation relation 
obtained in (a) with those of the one-dimensional oscillator problem 
show how we can immediately write the energy eigenvalues as 



Ek,n — 



h 2 k 2 

2 m 



eB\h 

mc 




where hk is the continuous eigenvalue of the p z operator and n is a 
nonnegative integer including zero. 



The magentic held B = Bz can be derived from a vector petential A(x) 
of the form 



By , Bx 

A x = — A y = A z = 0. 



(2.118) 



Thus we have 

[n æ ,n,] = 



eAr, 



sA,, 



Px 



>Py 



( 2 . 118 ) 



Px + 



eBy 



eBx 



2c ’ 

eB eB iheB iheB 

~^r\Px,x\ + —[y,Py\ = — — + 



Py 



2 c 



= ih 



2c 

eB 

c 



2c 



2c 



2c 



(2.119) 



(b) The Hamiltonian for this system is given by 

H = i bÅ p - t) + + = + (2 - 120) 



where H x = A-U 2 X + A-U 2 y and H 2 = A-p 2 z . Since 



[H^H 2 \ = 



1 



4m 2 



Px + 



eBy\ 



2c 



J + Py ~ 



eBx 



2c 



,Pz 



= 0 



( 2 . 121 ) 



there exists a set of simultaneous eigenstates \k,n) of the operators H i and 
H 2 . So if hk is the continious eigegenvalue of the operator p z and \k,n) its 
eigenstate we will have 



2L2 



H 2 \k,n) = —\k,n) = — 
1,7 2m 7 2m 



( 2 . 122 ) 
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On the other hånd Hi is similar to the Hamiltonian of the one-dimensional 
oscillator problem which is given by 

H = —p 2 + \mu 2 x 2 (2.123) 

2 m 



with \x } p] = ih. In order to use the eigenvalues of the harmonic oscillator 
E n = hu [n + ø we should have the same commutator between the squared 
operators in the Hamiltonian. From (a) we have 



„ , ei) r /ll T c\ „ n 

n æ , n y ] = ih — => [{— 5 - ) 5 = ih. 

c \ eB J 

So H\ can be written in the following form 



Hl ~ 2m Ilx+ 2m Ily 2m Uy + 2m V eB 



n^c \ 2 leHl 2 



2 m 



mc 



eB 



(2.124) 



(2.125) 



In this form it is obvious that we can replace u with to have 

1 m.r. 



H\k,n) = Hi\k, n) + H 2 \k, n) = — — \k,n) + ^ ^ 



h 2 k 2 
2 m 



+ 



: lB\h ' 



mc 



2 m 

1 

n -\ — 

2 



mc 



n + \ ) \ k i n ) 



I k, 



n 



(2.126) 



2.15 Consider a particle of mass m and charge q in an impenetrable 
cylinder with radius R and height a. Along the axis of the cylin- 
der runs a thin, impenetrable solenoid carrying a magnetic flux 
Calculate the ground state energy and wavefunction. 



In the case where B = 0 the Schrodinger equation of motion in the 
cylindrical coordinates is 



~ [V 2 V>] = 



% 2 



d 2 i 1 d i 1 

,2 "+" „ \ 



d 2 



dp- 



p dp p 2 d(f ) 2 



+ 



d 2 
dz 2 



'F(x) = 2 E^f(x) 



m 



(2.127) 




68 



If we write *&(/?,(/>, z) = $(</>) R(p)Z(z) and k 2 = pp- we will have 



t f j \ ry f ,(PR / 1\ ry f A dR R(p)Z(z) G? 2 $ 
dp z p dp p z d<p z 

(I 2 7 

+R{p)<$>^)— + k 2 R(p)mZ(z) = 0 =* 

i J2 o i J r> i J2 /T. i J2 ^ 



1 o ? 2 i? 1 dR 



0 ( 2 . 128 ) 



with initial conditions ^(p a , 4 >, z) = R , <M = *(P,«M) = *(p,<M = 0 . 
So 



1 d 2 Z 
Z(z) dz 2 

with 



d 2 Z 

dz 2 



+ l 2 Z(z) = 0 ^ Z(z) = A 1 e tlz + B ie ~ llz ( 2 . 129 ) 



— ilz 



Z( 0 ) = 0 Ai + #! = 0 Z(*) = Ai (e ilz - e ~ llz ) = C sin Z* 

7T 

Z(a) = 0 =>• C sin la = 0 =>• la = rnr =>• l = l n = n— n = ± 1 , ± 2 , . . . 



So 



Z(z) = C sin/ n z 



( 2 . 130 ) 



Now we will have 



1 d 2 R 1 dR 1 d 2 $ 2 2 

i?(p) dp 2 + R(p)p~dp + / o 2 $(</>) dcf ) 2 + ~ = ° 

p 2 d 2 R p dR 1 d 2 $ 2/ 7 9 , 9 / 

^ + 11 + i(é ) W + p ( - ’ = 

1 r/ 2 <f> 

- ¥(?)^ = ^ = e (2 ' 1M) 

with 



$(</> + 27 r) = $(</>) =z m £ Z . 



So the Schrodinger equation is reduced to 



p 2 d 2 R 
R(p) dp 2 



p dR 
R(p) dp 



+ p 2 (k 2 



l 2 ) = 0 



( 2 . 132 ) 
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d 2 R 1 dR 

dp 2 p dp + 

d 2 R 



(. fe 2 - / 2 ) - 



m 



+ 



R(p) = O 
dR 



+ 



d(Vk 2 - Ppf Vk 2 - i 2 pd{Pk 2 - i 2 p) 

R(p) = A 3 J m (pk 2 - l 2 p) + B 3 N m (Vk 2 - l 2 p) 



1 - 



m 



(k 2 - l 2 )p 2 _ 



R(p) = O 

(2.133) 



In the case at hånd in which p a — > O we should take B 3 = 0 since N„ 
when p — y 0. From the other boundary condition we get 



oo 



R(R) = 0 A 3 J m (Ry/k 2 - l 2 ) = 0 Ry/k 2 - l 2 = 



K r , 



(2.134) 



where K miJ is the z/-th zero of the m-th order Bessel function J m . This means 
that the energy eigenstates are given by the equation 



K r 



= RVk 2 - l 2 =z k 2 - l 2 = 



2 mE 



R 2 



TT 



~ H ~a ) =lP 



=> E = 



h 2 
2 m 



K 



7 r\ 2 

K‘ + t"o ) 



while the corresponding eigenfunctions are given by 



\ im<i> ( • ' 7TZ ' 



pnmv{x) = A c J m (—^-p)e mcp sin (ji— J 

with n = ±1, ±2, . . . and m G Z. 

Now suppose that B = Bz. We can then write 

A= mi=(is*. 



(2.135) 



(2.136) 



2 P 



2tt p 



(2.137) 



The Schrodinger equation in the presence of the magnetic held B can be 
written as follows 



1 

2 m 

h 2 
2 m 



1 

1 

c-s . 

<k 

1 

o 

s 

1 




i 

i 

c-s . 

<k 

1 

o 

S 

i 


L c J 




L c J 



ip(x) = Eip(x) 



A d A d A ( d ie $ ' 

^ dp + dz p \d(f) hc 2n 



A d A d A ( d ie $ N 

^dp~^~ dz p \dcf) hc2n 



p(x) = Ep(x). (2.138) 
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Making now the transformation D ø = ~§i ~ we get 



h 2 
2 m 
h 2 
2 m 



9 A 9 -1 

p — — b 2 — — b (p-lJct, 
P . 



9/9 

9 2 



9^ 



d(f) 

9 A 9 -1 

d” b b (p-R^, 

P 



19 i 2 9 2 

4 — — — I — -D^ + 



dp 2 p 9/9 p 2 



dz 2 



dp dz 

T(x) = E'ff(x), 



where D 2 = - ±±) . Leting A = we get 

9 2 






' 9 2 2ie $ 9 2 \ 

9</> 2 hc 27 t d<f> ) 



d 



1 p(x) 



d(f> 2 2lA dcf> A , 



Eip(x) 

(2.139) 



(2.140) 



Following the same procedure we used before (i.e. ip(p,<f),z) = i?(/9)$((/>)Z(z)) 
we will get the same equations with the exception of 



' 9 2 
_d(f> 2 




A 2 



$ 



m 2 $ => 



d 2 $ 



2zA^- + (to 2 - A 2 )$ 

acp 



0. 



The solution to this equation is of the form e ;ø . So 



/V 0 - 2 lAle 14, + (to 2 - A 2 )e' 0 = 0 => l 2 - 2 i Al + (to 2 - A 2 ) 

2iA ± -V— 4A 2 — 4(to 2 — A 2 ) 2iA ± 2im 

=> 1 = ^ = = i(A±m) 

2 2 V ; 

which means that 



$(</>) = C 2 e l(A±m) t 



(2.141) 



But 

$(</> + 27t) = $(</>) =>A±to = to' m £ Z 
=z to = ±(to ; — A) ni G iT 

This means that the energy eigenfunctions will be 



K r 



i’nmu(x) = A c J m (—^-p)e m 0 sin ( n 



TT Z 



(2.142) 



(2.143) 



but now to is not an integer. As a result the energy of the ground state will 
be 



e = A 

2 TO 



K 2 f TT ^ 2 

^mv ‘ n 



r 2 + r« 



(2.144) 
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where now m = m! — A is not zero in general but it corresponds to m! G Z 
such that 0 < m! — A < 1. Notice also that if we require the ground state to 
be unchanged in the presence of B, we obtain flux quantization 

, e $ . 2irm'hc , „ , 

m — A = 0 => - = to => $ = to G Z. (2.145) 

nc 2 tt e 



2.16 A particle in one dimension ( — oo < x < oo) is subjected to a 
constant force derivable from 

V = Ax, (Å > 0). 

(a) Is the energy Spectrum continuous or discrete? Write down an 
approximate expression for the energy eigenfunction specified by 

E. 

(b) Discuss briefly what changes are needed if V is replaced be 

V = A|æ|. 



(a) In the case under construction there is only a continuous Spectrum and 
the eigenfunctions are non degenerate. 

From the discussion on WKB approximation we had that for E > V (x) 

i’ i ( x ) = T5 u/on/4 ex P (flj \/2rn[E-V(x)]dX' 



[E - V{x)] l A 

+ 77 ; f T , mi /, ex P (~T [ \j2m\E - V(x)\dx 



[E - V{x)] l A 
c 



1 



SIT) — 

[E — V(x)} 1 A \h 



\j2m[E — V(x)\dx — 



1/2 



c . ( y/2 toÅ [ x '- e / x f E 7 r 

7— , sm — / x ) dx 

[E-V{x)YA \ h J x \A ) 4 / 



[E - V{x)] l A 



sm 



2 / E \ 3 / 2 j2mA tt 

3U ~ X ) 



Cl 



[g] 1/4 



sm 



id 3 ' 2 + - 



(2.146) 
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1/3 



where q = a [y — xj and a = (ppr-) 
On the other hånd when E < V(x) 



tpn(x) = 



C 2 



[Air - E] 1 / 4 
c 2 

[Air - E] 1 ! 4 



exp 



exp 



1 r x 
h Jx'=E/X 
1 r x 



fi2m\ Jx'=E/\ 



c 3 






exp 



-§(-^ 



\j2m(Xx — E)dxj 

\j2m(\x — E)d(2mXx) 

(2.147) 



We can find an exact solution for this problem so we can compare with 
the approximate solutions we got with the WKB method. We have 

H\a) = E\a) =>■ (p\H\a) = (p\E\a) 

2 

=> + Aæ l") = E (p\a) 

p^ d 

=>• a(p ) + ih\—a(p ) = Ea(p ) 

2 m dp 

=> ^-a(p) = ^ (e - — ^) a(p) 

dp h\ y 2 m J 

da(p) _ -i ( p 2 \ 

^ a(p) ~ hX \ E 2 m) d? 

=> In a(p) = T ^( Ep - + ci 



HX \ 
a E (p) = c exp 



6 m 

i f P 3 
HX \ 6 m 



— Ep 



(2.148) 



We also have 
S(E - E') 



= { E \ E ') = J dp(E\p)(p\E') = J a* E (p)a E ,(p)dp 



( 2 .148) 



|c| J dpex p 
1 



nx 



(E - E')p \c\ 2 2TihXS(E - E') 



c = 



So 



\Z2ttTiX 
a E (p) = 



x/2iThX 



exp 



1 P v 
UX i 6m EP > 



(2.149) 



(2.150) 
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These are the Hamiltonian eigenstates in momentum space. For the eigen- 
functions in coordinate space we have 



ip( x ) = J dp(x\p)(p\E) (2 = 0) J dpe^ e hX 

1 f \. p 3 i (E \ 

= ^^J dpexp [ l n^-n[-x- x ) p . 



Using now the substitution 



p 3 u 3 



( H2mX ) 1 / 3 h\6m 3 



(2.151) 



(2.152) 



we have 



Ch2 mX) 1 ! 3 f + 00 \iu 3 i (E \ 1/3 

iix) = 2nhV\ L iu exp T - ft li “ x ) “ (fi2raA) 



a f+°° iu 3 

= = / au exp mq , 

27ta/A J-oo F |_ 3 y J 

where a = (ppr) ^ and q = a [y — xj . So 

a [+™ (u 3 \ a [+°° (u 3 \ 

^ } 27Ta/A J-oo \ 3 V TryftJo ) 

since sin ^ — uqj du = 0. In terms of the Airy functions 

. N 1 f +co (u 3 \ 

Ai{q) = —= / cos uq \ du 

7 t Jo y 3 J 

we will have 

i>( x ) = 

v 7TA 

For large |g|, leading terms in the asymptotic series are as follows 



(2.153) 



(2.154) 



(2.155) 



ex p(-^ 3/2 ), 9>0 



(2.156) 



Md) ~ 2 Øfgi/4 exp (~^ g3/2 ) ’ 9> ° (2.156) 

Mq) ~ y/^(- q yD sin ^“^ 3/2 + I ’ q<0 ( 2 - 157 ) 
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Using these approximations in (2.155) we get 

Hq) ~ ^ \ /4 sin [^g 3/2 + t! , for E > V (x) 

7tv A q ' L3 4J 

{-qf 2 , for E < V(æ) (2.158) 
as expected from the WKB approximation. 

(b) When V = A|x| we have bound states and therefore the energy Spec- 
trum is discrete. So in this case the energy eigenstates heve to satisfy the 
consistency relation 



“ WA(- a W- eXp [~3 




The turning points are x\ = — y and x 2 = y. So 



(2.159) 




(2.160) 
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3 Theory of Angular Momentum 



3.1 Consider a sequence of Euler rotations represented by 



D (1/2) (a,/3, 7 ) = exp(- 



-icr 3 a\ 

2 ) 



— i(J2 ft 



-lO£f\ 
2 ) 



_ ( e *("+t)/ 2 cos | — e 7 ^ 2 sin | \ 

^ e *(«-7)/2 g J n I g*(«+ 7)/2 cog | y 

Because of the group properties of rotations, we expect that this 
sequence of operations is equivalent to a single rotation about some 
axis by an angle </>. Find </>. 



In the case of Euler angles we have 



D - i ( a +~/)/ 2 §_ _ p - i ( cx -~ i )/2 : P 



h » + ,)/ 2 

while the same rotation will be represented by 

ip^(é.h) {S -= AS) 



sin : 

cos | 



cos (JjJ — in z sin 
{-m x + n y ) sin 



{-m x - n y ) sm ^ 
cos + in z sin 



Since these two operators must have the same effect, each matrix 
should be the same. That is 

- t ( a +~/)/2 _ f • f 

2 \2/ \V 

'f 



(3.1) 

) .(3.2) 

element 



cos — = cos - 

w 


2 


— cos — 
2 


2 

COS <25= 2 COS — 
^ 2 


2 


(a + 7 ) 


cos ■ 


2 



- 1 



</> = arccos 



a 

2 



a 



O 2 r 2 V “ 1 / / 1 

2 cos — cos 1 



+ i) 



(3.3) 



3.2 An angular-momentum eigenstate | j,m = mmax = j) is rotated 
by an infinitesimal angle e about the y-axis. Without using the 
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explicit form of the d^J) m function, obtain an expression for the 
probability for the new rotated state to be found in the original 
state up to terms of order e 2 . 



The rotated state is given by 



I J,j)R 



R(e,y)\j,j) = d (j) (e)|j,j) = 

I j,j) 



exp 



iJ y e {-i) 2 e 2 2 

h + 2h 2 y 



%JyS 

h 



ii. i> 



(3.4) 



up to terms of order e 2 . We can write J y in terms of the ladder operators 



J + — dx T i Jy 

J — J x i J / / 



Jy — 



J+ ~ J_ 



2 1 



Subtitution of this in (3.4), gives 

\j,j)R = 






1 3,3) 



We know that for the ladder operators the following relations hold 
J+\h™) = h \/(j - m)(j + m + 1) |j, m + 1) 

= hyj(j + m)(j -m + 1)| j,m- 1) 



So 



(J+ - = -hJJbJ - i) 

- J-) li.i-i) 

= O+li.i - i) - - i)) 

= -hfij - /2(2j - 1)|j,j - 2) 



(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 



and from (3.6) 

I 3,j)r = 1 3,j) + \\&\ j’j - 1 ) - y 2 j|j, j) + y2^j( 2 J - !)l 3,3 ~ 2 ) 
= ^ - Jj) I j,j) + |v^"l + j/?( 2 J - !)l . hJ - 2). 
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Thus the probability for the rotated state to be found in the original state 
will be 

\{jg\jg)r \ 2 = = 1 - yJ + °( £4 )- ( 3 - 10 ) 



3.3 The wave function of a particle subjected to a spherically 
symmetrical potential V (r) is given by 

ip(x) = (x + y + 3 z)f(r). 

(a) Is ip an eigenfunction of LI If so, what is the /-v alue? If 
not, what are the possible values of l we may obtain when L 2 is 
measured? 

(b) What are the probabilities for the particle to be found in various 
mi states? 

(c) Suppose it is known somehow that ip(x) is an energy eigenfunc- 
tion with eigenvalue E. Indicate how we may find V(r). 
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and 

1 d 

sin 0 dØ 



d \ v f (v) d r i 

sin 6— é(x) = — — — — —3 sin 2 6 + (cos <b + sind>) sin 6 cos 0 = 

OØ J sm 0 OØ 1 J 

^ } [—6 sin 0 cos 0 + (cos </> + sin </>)(cos 2 0 — sin 2 0)13.15) 
sm 0 L } 



Substitution of (3.14) and (3.15) in (3.11) gives 

1 



(x|Z 2 |'ø) = —h 2 rf(r) 
= h 2 rf(r ) 



sin 0 



(cos <f> + sin </>)(! — cos 2 0 + sin 2 0) — 6 cos 0 



1 



sin 0 



2 sin 2 0(cos (f) + sin </>) + 6 cos 0 



= 2 h 2 rf(r) [sin 0 cos <f> + sin 0 sin <f> + 3 cos 0] = 2 h 2 ijj(x) => 
L 2 tjj(x) = 2h 2 'ip(x) = 1(1 + 1 )h 2 tp(x) = 1(1 + l)Ti 2r il)(x) (3.16) 

which means that ip(x) is en eigenfunction of L 2 with eigenvalue 1 = 1. 



(b) Since we already know that 1 = 1 we can try to write ip(x) in terms of 
the spherical harmonics l / | m (0,</>). We know that 



Y? 




F+ 1 

^r 1 





So we can write 



ip(x) 




Y+ 1 + 1 Y + 1 + 1 Y - 1 



= \hr r f( r ) \^ Y 1 + (! + 1 + (i - • (3-17) 



But this means that the part of the state that depends on the values of m 
can be written in the following way 

| ip)m = N [3a/2|/ = 1 , to = 0) + (1 + i)\l = 1, m = —1) + (1 — i)\l = 1, m = l)j 
and if we want it normalized we will have 



|Al| 2 (18 + 2 + 2) 



1 =>■ IV 



1 

722 ' 



(3.18) 
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So 



P(m = 0) 
P(m = +1) 
P(m = — 1) 



|<Z = l,m = 0tø>| 2 = ^ = ^-, 

|(/ = 1 ,m = +1|V’)| 2 = ^2=Ji’ 

I (/ = 1 , m == ll'ø )! 2 = — = — . 
' ’ '" n 22 11 



(3.19) 

(3.20) 

(3.21) 



(c) If ip E (x) is an energy eigenfunction then it solves the Schrodinger equation 
-h 2 



2 m 
Eip E (x 



d 2 2 d L 2 



+ V(r)ip E (x) = 



-Ti 2 
2 m 



-YT‘ 



d 2 



2 d 



— [r/(r)] + ~ — [rf(r)] - — [rf(r)] 



dr 



+ V(r)r f (r )Y l m = 



Erf(r )Y l r ‘ 



V{r) = E + 
V(r) = E + 
V(r) = E + 



1 Ti 2 
r/(r) 2 m 
1 Ti 2 



r/(r) 2 m 
Ti 2 rf"(r ) + 4 f{r) 



-^[/(r) + rf(r)] + ^[/(r) + rf(r)] - ^f(r) 
[ f{r ) + f{r) + rf"(r ) + 2/ / (r)]] => 



2m 



r/(r ) 



(3.22) 



3.4 Consider a particle with an intrinsic angular momentum (or 
spin) of one unit of Ti. (One example of such a particle is the g- 
meson). Quantum-mechanically, such a particle is described by a 
ketvector |,o} or in x representation a wave function 

Q'(x) = (Pi\g) 

where | x,i) correspond to a particle at x with spin in the z:th di- 
rection. 

(a) Show explicitly that infinitesimal rotations of g l (x) are obtained 
by acting with the operator 

Ue = 1 — • ( L S ) 

ri 



(3.23) 
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where i = -r xV. Determine S ! 

2 

(b) Show that L and S commute. 

(c) Show that S is a vector operator. 

(d) Show that V x g(x) = ^(S ■ p)g where p is the momentum oper- 
ator. 



(a) We have 



3 „ 3 „ 

|£>) = ^ / \x-, i)(x-, i\g) = ^ / \x-,i)g t (x)d 3 x. (3.24) 

2=1 J 2=1 J 



2 = 1 

Under a rotation R we will have 

3 



|é>') = U(R)\g) = ^ J U(R)[\x) ®\i)]g l (x)d 3 x 
2=1 J 

- É/ \m ® MiWwttwp* *= =1 É / ir;i>i>!, ll (fi)e‘(fi- i n<i 3 

2=1 ^ 2=1 J 

U/ 



i=l 

^'(f) = v\}\r) g 1 (R- 1 x) => g'(x) = Rq(R~ 1 x). 
Under an inhnitesimal rotation we will have 



(3.25) 



R(S(f> } n)r = r + hr = r + h</>(h X r) = r + e X r. 



(3.26) 



So 



Q 



On the other hånd 
g(x — e x x) 



R(S(f))g(R l x) = R(S(f))g(x — e x x) 

g(x — U x x) + e x g(x — e x x). (3.27) 

,o(x) - (7 x 7) ■ 'V g(x) = g{x) — e ■ (x x 'V)g(x) 

g(x) — —£■ Lg(x) 
ri 



(3.28) 
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where Y g(x) = V gi(x) |i). Using this in (3.27) we get 



g(x ) = g(x) — — e ■ Lg(x) + e 

n 



g(x) — —£■ Lg(x) 
ri 



= g(x) — — e ■ Lg(x) + e x g(x). 

ri 



But 



& y, g (e y g & z g ^ c x T ^ ' £ z g &xg ^ T i^xg &yg ^ 

or in matrix form 

f g 11 \ / O -£ z e„ 



(3.29) 

(3.30) 



.2/ 



V ø 



3 / 




/ 0 0 o 

0 0 —1 | + £y 

\0 1 o 



/ 0 


0 


1 ^ 


i 


( ° 


-1 


Ml 


/ 


0 


0 


0 


+ £ z 


1 


0 


0 




V -i 


0 


0 y 


1 


l o 


0 


0/J 


V 



e 



V C 



i 

h 

which means that 



o 

o 

o 


o 

o 

c-s . 


0 

1 

c-s . 

o 
1 


/ 


0 0 —ih + £y 


0 0 0 Y £ z 


c-s . 

o 

o 




o 

c-s . 

o 


1 

c-s . 

o 

o 


1 

o 

o 

o 


V 



( e 1 



£ X g = — — T- Sg(x ) 
ri 



with (S,,) ki = -ihtyki. 

Thus we will have that 

g'(x) = Utg(x) = 1--£.(L + S) g(x) => U? = 1 - -e ■ (L + S). 

ri J ri 



( 3 - 31 ) 



(b) From their definition it is obvions that L and S commnte since L acts 
only on the \x) basis and S only on |z). 

(c) S is a vector operator since 

[*S^ ? — [S%Sj SjSi\k m — ^ JJ [( lh)cji m ( 

— ^ JJ ^ ^ 

^ ^ ^ $ jm^ki) 

^ ^ ^ jm^ki ^im^jk) 

— h ^ JJ tijl^kml — ^ JJ iTltfcml) — ^ JJ S\) km • 



(3.32) 
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(d) It is 

V x g(x) 



jV x g(x) = ^e^ip^g l (x)\i) = -^{Sj m p^Q m \i} 
J2(S-p)q. (3.33) 



3.5 We are to add angular momenta ji = 1 and j 2 = 1 to form 
j = 2, 1, and 0 states. Using the ladder operator method express all 
(nine) j, m eigenkets in terms of \jij 2 ',mim 2 ). Write your answer as 

\3 = 1, rn = 1) = 2j|+, 0) - 2=|0, , (3.34) 

where + and 0 stand for = 1,0, respectively. 



We want to add the angular momenta j i = 1 and j 2 = 1 to form j = 
\ji — y 2 1 , • • • 5 ii + 32 = 0,1,2 states. Let us take first the state j = 2, m = 2. 
This state is related to \j\rrii] j 2 m 2 ) through the following equation 

\j, m ) = £ (jij 2 ; mim 2 \jij 2 \ jm) \jij 2 ] m x m 2 ) (3.35) 

m—m\ +?Ti2 

So setting j = 2, m = 2 in (3.35) we get 

I j = 2, m = 2) = (jij 2 ; + + \jij 2 ;jm) \ + +) n = m ' | + +) (3.36) 



If we apply the J_ operator on this statet we will get 

J_|j = 2,to = 2) = (Ji_ + J 2 -)| + +) 

=>■ 7i\j (j + m)(j — m + l)\j = 2,m = 1) = 

+ ™i)(ji - mi + 1) |0+) + h^(j 2 + m 2 )(j 2 - m 2 + 1)| + 0) 

V4|j = 2,m = 1) = V2|0+) + V2| + 0) 

=> \j = 2, m = 1) = -^=|0+) + -j=\ + 0). 



(3.37) 
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In the same way we have 

J-\j = 2,m = l) = — ^=(Ji_ + J 2 -)|0+) + — ^(Ji_ + ^ 2 -)| + 0} => 

V6| j = 2, m = 0) = ~^= [V2| - +) + V2|00)] + -^= [v^|00) + y/2\ + -)} => 

VQ\ J = 2 , m = 0) = 2 1 00) + | - +) + | + -) 

|j=2,m = 0) = yfl<»}+^l + -> + ^l-+> ( : «8) 



J-\j = 2,m = 0} 
a/6 | j = 2, m = — 1} 

|j = 2 ,m = -1} 
|j = 2 ,m = -1} 



V 3^ 1_ + J 2-)|00) 

+ ■^(^1- + ^2-)| + -} + + J 2 -)| - +} 

y| [^2| - 0) + v^2|0-)] + -2=^210-) + -)=V2| - 0) 

|vÆ|0-> + l^2\ - 0) + iv^|0-) + iv^l - 0) => 

O O O O 



1 , 1 , 



(3.39) 



J-\j ~ 2,m — -1) - + J 2 _)|0-) + + J 2 -)\ - 0) => 

y/4\j = 2,m = -2) = -^V2j - -> + ±=y/2\ - -} =* 

\j = 2, m = —2) = (3.40) 

Now let us return to equation (3.35). If j = 1, m = 1 we will have 

|j = 1, to = 1} = a| + 0} + 6|0+) (3.41) 

This state should be orthogonal to all |j, m) states and in particular to | j = 
2, m = 1). So 

(j = 2, m = l\j = l,m = 1) = 0 =$► ^a + -Yb = 0 => 
a + 6 = 0=^a = —b 



(3.42) 
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In addition the state | j = l,m = 1) should be normalized so 

(j = 1, m = l\j = 1, m = 1} = 1 => \a\ 2 + |6| 2 = 1 ^=7 2|a| 2 = 1 => \a 



1 

72' 



By convention we take a to be real and positive so a = ^ and ^ 
That is 



i 

V2‘ 



1 3 = l,m = 1} 




Using the same procedure we used before 




(3.43) 



J-\j = l,m = 1) 

a/2 | j = 1, m = 0) 
|j = l,m = 0) 



+ J 2 -)| + 0 ) - -^(Ji_ + ^ 2-)|0 + ) = 4 - 

/ [T2|00) + V2| + -)] - T [T2| - +> + T2|00)] =4 

1 , x 1 , , 

^l + -)-^|- + ) (X44) 



J-\j = l,m = 0) 
a/2 | j = 1, m = — 1) 
|j = l,m = -1) 



1 

72 

1 

72 

1 

72 



(Jl_ + J 2 -)\ + -) - + ^2-)l “ +) 

72|0-)- 7=721-0)^ 




0>. 



(3.45) 



Returning back to (3.35) we see that the state | j = 0, m = 0) can be written 
as 



| j = 0, m = 0) = ci 1 00) + c 2 | + -) + c 3 | - +). (3.46) 

This state should be orthogonal to all states |j, m) and in particulat to | j = 
2, m = 0) and to j = 1, m = 0). So 



(j = 2, to = 0|j = 0, TO 
=4* 2ci + c 2 + c 3 = 0 

(j = 1, m = 0|j = 0, to 



0 ) = 0 
0) = o 



2 1 1 
3 Cl + Tf 2 + Tf" 3 



(3.47) 



s/f' 2 s/i 



C 3 



= 4 - C 2 = c 3 . 



(3.48) 
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Using the last relation in (3.47), we get 

2ci + 2 c 2 = 0 =>■ ci + c 2 = 0 =>■ ci = — c 2 . (3.49) 

The state |j = 0, m = 0) sliould be normalized so 

(j = 0, m = 0|j = 0, m = 0) = 1 => |ci| 2 + | c 2 1 2 + |c 3 | 2 = 1 => 3 1 c 2 1 2 = 1 

=> 1=21 = ( 3 - 50 ) 

By convention we take c 2 to be real and positive so c 2 = c 3 = ^ and 
ci = -4=. Thus 



]j - o,m _ 0) - 4= I + -> + 4= I - +> - 4=|00>. 

So gathering all the previous results together 



(3.51) 



1 3 = 2,m = 2) 

1 3 = 2,m = 1) 

|j = 2, m = 0) 

I j = 2,m = -1) 

|j = 2 ,m = -2) 
|j = l,m = 1) 

I j = l,m = 0) 

|j = l,m = -1) 

|j = 0, m = 0) 



I + +) 

7fel°+) + 7fel+°) 



+ Tel + + 



“ y^l 0 ) + ^l °) 



i i 

Y&' 



V2' 



-+) 



7 W + °> “ 

772 ) “ 7i\ ~ °) 

Til + “> + Tål ~~ ~~ Til 00 )- 



(3.52) 



3.6 (a) Construct a spherical tensor of rank 1 out of two different 
vectors U = (U x ,U y ,U z ) and V = (V x ,V y ,V z ). Explicitly write T^ 0 in 



terms of U XtVtZ and V X)V)Z . 



(b) Construct a spherical tensor of rank 2 out of two different 
vectors U and V. Write down explicitly 7± 2±10 in terms of U X:V:Z 
and 14 



x,y,z • 
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(a) Since U and V are vector operators they will satisfy the following com- 
mutation relations 

[fd? J j\ T'fo&ijkUk [Id? J j\ ( 3 - 53 ) 

From the components of a vector operator we can construct a spherical tensor 
of rank 1 in the following way. The dehning properties of a spherical tensor 
of rank 1 are the following 

[Jz, U W] = hqUU, [J±, U ( 1} ] = ^( 1 T 9 )( 2 ±#S. ( 3 . 54 ) 

It is 



[Jz,U z \ 


(3.53) 


OM/, (3 4 4) 










II 




(3.55) 


[J+,Uo] 


(3354) 


V 2 hu +1 = [j+,u z ] 


— \Jx T ^Jyi U z \ 






(3.53) 


—ihUy + i(ih)U x = 


—h(U x + iUy) => 








+ 

-T4 

1 

II 


lUy) 


(3.56) 


[9-, f/o] 


(3354) 


y/2hU-i = [J-JJ Z \ 


— [Jx ‘iJyi U z\ 






(3.53) 


—ihUy — i(ih)U x = 


: h(U X — iUy) => 





W. = 4=(V. - .{/„) (3.57) 



So from the vector operators U and V we can construct spherical tensors 
with components 

Uo = U z V 0 = V z 

U +I = -yp. + W,) V+i = -^{V, + IV y ) (3,58) 

IL, = j.(U,-iU v ) Vil = j;(V x -iV„) 

It is known (S-3. 10.27) that if and Z 99 are irreducible spherical tensors 
of rank k\ and k 2 respectively then we can construct a spherical tensor of 
rank k 

Tq ^ — Y.^kr,qMhk z M)x^ ) z^ ) 

9192 



(3.59) 
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In this case we have 

7 + 1 = (11; +10|11; ll)[/+i Vo + (11; O + 1|11; ll)[/oV+i 

(3^52) 1 JJ y ^ jj y 

- V2 UlV ° “ 7? 0 +1 

= -\{U x + iUy)V z + \U z {V x + iV y ) (3.60) 



Tq ^ — (11; 00|11; 10)[/oho + (11; — 1 + 1|11; 10)[/_i V+i 

+ (11; +1 — 1 1 1 1 ; 10) U-\.\ V—i 

( 3.52 ) 1 -j- j T r 1 j- t f r 

= -75 f - lV+I + ^ f+lV -‘ 

= -føuv, - + ,%» - + «y(v; - .%) 

= 2^/2 ^ x ^ x 'i'UxVy — iU y V x + LtyK, — + iU x V y — iU y V x — U y V y \ 

= ^(U x Vy ~ UyV X ) (3.61) 



T 



(i) 

-1 



= (11; — 10 1 1 1 ; ll)*7_i Vo + (11; 0 - 1|11; ll>+ 0 l+i 

(3.52) 1 tt 1 TT T . 

= -75 f/ - lVo + 75 f/ ” vl1 

= -) (tc - - .v,). 



(3.62) 



(b) In the same manner we will have 

T$ = (11; +1 + 1|11; 2 + 2)*7 +1 V +1 ( = 2) £/ +1 V +1 = \(U X + ^)(K + *K,) 

= ~UU X V X - UyVy + iU x Vy + iU y V x ) (3.63) 



rp(2) 

1 +1 



— (11; 0 + 1|11; 2 + l)t7ol / + 1 + (11; +10 1 1 1 ; 2 + l)++i Vo 

(3.52) 



^oV +1 + ^ +1 V 0 



= -i(C^K 



+ iUyV z ) 



(3.64) 



T 0 (2) = (11; 00 1 1 1 ; 20)U o V o + (11; —1 + 1 1 1 1 ; 20)U- 1 V +1 

+(11; +1 — 1 1 1 1 ; 20) l+i 




( = 2) + 

^u z v z - ^(U x - iU y )(V x + iVy) - yf^K^ + iU y )(V x - iVy) 



2U Z V Z - ±U X V X - -U x V y + -UyV x 



-\UyVy ~ \U X V X + l ~U X Vy ~ ^UyV x ~ \U yVy 



'-(2 U Z V Z - U X V X - UyVy) 



(3.65) 



ri? = (11; O — 1 1 1 1 ; 2 — l)UoV-i + (11; — 10|11; 2 + 1)U-\Vq 

( 3 . 52 ) 1 TT T . 1 T j T . 

“ ^- + ^-»4 

= \(U Z V, + U x K - iU.Vy - iUyV,) 



(3.66) 



T 



( 2 ) _ 



-2 



= (11; -1 - 1|11; 2 - 2)[/_ 1 y_ 1 ( = 2) U-yV-y = \(U X - iUy)(V x - iV y ) 



= \(U X V X - UyVy - lU X Vy ~ iU yV x ) . 



(3.67) 



3.7 (a) Evaluate 

t \‘i^AP) I 2 ™ 

m--j 

for any j (integer or half-integer); then check your answer for j = \- 
(b) Prove, for any j, 

Y m2 \ d m' m (ft)\ 2 = \j(j + 1) sin (3 + m' 2 + l(3cos 2 (3 - 1). 

m--j 

[Hint: This can be proved in many ways. You may, for instance, 
examine the rotational properties of J l using the spherical (irre- 
ducible) tensor language.] 
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(a) We have 



Y 

m--j 

3 

— ^2 m \{j m \ e ~ tJy ^^ n \j m '} 

m--j 

3 

— ^2 Tn{jm\e~ tUy 

m ——j 



m ) ( im e 



m 



— ^2 m (i m l e tJy ^/ n \jm f }{jrn f \e tJy P/ n \jrn) 



m =—j 

3 



= Y U 



I A^yP 



m le'” 1 "”' "m\jm)(j 



m e 



^ J i 



m 



m =—j 



Y \j m )(j m \ 



m = — j 



= \(j : m'\e u ^\j z 

= Ujm'\e u y fj/% J z e- u y fj/n \j rri) 

n 

= ^(j m '\'D*(p-,é y ) J z 'D(p-, 



— iJ t 



m 



(3.68) 



But the momentum J is a vector operator so from (S-3.10.3) we will have 
that 



V*((3; éy)J z V(ft] é y ) = R z j(f3] e y )J r 

3 

On the other hånd we know (S-3.1.5b) that 

( cos (3 0 sin/3 

R((3; é y ) = 



(3.69) 



0 1 0 

y — sin (3 0 cos (3 



(3.70) 



So 



Y = j[-smP(jmy x \jm') + æsP(jm'\J z \jm')] 

m =—j 



1 

h 



— sin (3{jm'\ + 1 jrri) + Tim' cos [3 



= m cos/3. 



( 3 . 71 ) 
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For j = 1/2 we know from (S-3.2.44) that 



££)W = 



cos | — sin | 

• P P 

sm ^ cos 



So for m! = 1/2 



Y Mml/ 2 (^)| 2m = -| sin2 f + ! COs2 f 

i = -l/2 Z Z 

= 4 cos (3 = m' cos (3 



while for m' = — 1/2 
1/2 



Mml/ 2 (^)| 2m = -| COs2 f + I sin2 f 

m = -l/2 Z Z 

= — ^ cos (3 = m cos [3. 



(b) We have 



lrn) 



£ ’A'i'pJP) I 2 

m--j 
m =—j 

= Y, m 2 (jm'\e~ tJy ^ % \jm) (^(jm, l \e~ tJyf 3 ^ tl \jm)'j 

m =—j 

i 

= ^ m 2 (jm l \e- tJy P/ % \jm)(jm\e lJyl 3 / % \jm l ) 

m =—j 

i 

= ^ ( jm'\e~ Uy ^ n m 2 \jm)(jm\e Uy ^ n \jm' ) 



m = -j 



1 



h 2 

i 

i 



{jm'\e- Uyfj / % J 2 z 



Y \j m )(j m \ 



m = —j 



e lJy 



P/n \ jm') 



(j nri | e u yP/^ jj e Uy P/ % \ j m ') 



= -(, jm'\T>((3 ; e y )J 2 z V ] ({3; é y )\jm'). 



(3.72) 



(3.73) 



(3.74) 



(3.75) 
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From (3.65) we know that 




£ ™ 2 l4L(,a)l 2 

m--j 

= + x ) + J2 ^1^00 (/?; e 3/ )OW|T 0 (2) |jm') 

= + 1 ) + \doo{fi){jrn'\J 2 z - ^ J 2 \jm ') 

= + !) + ^oo (/?) m' 2 -^j(j + 1 ) 
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= + 1) + 7^(3 cos 2 (3 — 1) m' 2 - + 1) 

1 11 777^ 

= ~pU + !) cos2 I 3 + p(j + !) + pU + !) + ^-( 3 cos 2 (3-1) 

2 o o 2 

= \j{j + l)sin 2 /3 + m' 2 1(3 cos 2 (3 - 1) (3.81) 

where we have used d^((3) = P 2 (cos (3) = |(3cos 2 (3 — 1). 

3.8 (a) Write xy, xz, and ( x 2 — y 2 ) as components of a spherical 
(irreducible) tensor of rank 2. 

(b) The expectation value 

Q = e(a,j,m = j\(3z 2 - r 2 )\a,j,m = j) 

is known as the quadrupole moment. Evaluate 

\(x 2 - y 2 )\a,j,m = j), 

(where m' = j, j — 1, j — 2, . . . )in terms of Q and appropriate Clebsch- 
Gordan coefhcients. 



(a) Using the relations (3.63-3.67) we can find that in the case where U = 
V = x the components of a spherical tensor of rank 2 will be 



ZL 

II 


\ ( X 2 - y 2 ) + ixy 


T -2 = \(x 2 - y 2 ) 


— ixy 


pi 2 ) 

1 ■ - 


— (xz + izy) 


1 _i = xz — izy 


(3.82) 


pi 2 ) 

1 — 


J\(2z 2 - x 2 - y 2 ) = , 


J\(3z 2 — r 2 ) 





So from the above we have 




T2 — T 2 



rp(2) rp( 2) 

1 -l J +1 



(3.83) 



(b) We have 

Q = e { a i3-> m = j\(3z 2 — r 2 )\a,j, m = j) 
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(3 = 2) V / 6e(a, j, m = j|T 0 (2) |a,j,m = j) ^ w = e:) (j'2; j'0|j2; jj)^^j=^-VQe 

=> (aj\\T^\\aj) = ® , a/2j , + ^-. (3.84) 

V - 7 ' 1 " J> V^e (j2; j0|j2; jj) [ J 



e (a,j, m\(x 2 — y 2 )|a, j, m = j) 

{3 = 3) e(a,j,m'\T$\a,j,m = j) + e(a,j,m'\T^\a,j,m = j) 

= e (j2; j2|j 2; jm ) V + x - + e^ m / J _ 2 (j2; j - 2|j2; jj - 2)^-^==^- 



(3^84) Q (j2; j, -2|j2; - 2) 

\/6 0'2; J,0|j2; i, i) 



^m 1 ,j — 2 • 
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4 Symmetry in Quantum Mechanics 

4.1 (a) Assuming that the Hamiltonian is invariant under time 
reversal, prove that the wave function for a spinless nondegenerate 
system at any given instant of time can always be chosen to be 
real. 

(b) The wave function for a plane-wave state at t = 0 is given by 
a complex function e E' x / n . Why does this not violate time-reversal 
invariance? 



(a) Suppose that |n) in a nondegenerate energy eigenstate. Then 



HQ\n) = QH\n) = E n \n ) => 0|n) = e l& \ n) 

0|Mo = o -t) = 0e~ HH/n \ n) = 0e~ HEn/n \ n) = 
e ltEn/n Q\n) = e’W +5 )| n) = e l ^ +S )\ n,t 0 = 0 ; t) 



0 



d 3 x\x)(x\ 



I tt, , t 0 = 0;t) = h + ' 5 ) J d 3 x\x)(x\ \n } t 0 = 0;t) 



■3 * ( ^ 1 + S 



d 3 x(x\n } t 0 = 0;t)*|x) = / d' J xe^ h 



x\ n, to = 0; t) \i 



4>* n (x,t) = e l \ * 



l +s 



yt)- 



( 4 . 1 ) 



So if we choose at any instant of time S = the wave function will be 

real. 



(b) In the case of a free particle the Schrodinger equation is 

v 2 h 2 - 

| n) = E\n) => ~—V(j) n (x) = E<f) n (x ) 

Zm Zm 

=> <t> n (x) = Ae tfx/n + Be- tfx/n ( 4 . 2 ) 

The wave functions 4> n (x) = e~E' x E and <j)' n (x) = eE' x E correspond to the 

2 

same eigenvalue E = ^ and so there is degeneracy since these correspond 
to different state kets | p) and | —p). So we cannot apply the previous result. 



4.2 Let 4 > (p r ) be the momentum-space wave function for state |a), 
that is, = (p r |a:).Is the momentum-space wave function for the 
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time-reversed state Ø|ct) given by </>(— f?), <^*(p f ), or </>*( — p* 1 )? 

Justify your answer. 



In the momentum space we have 

| et) = J d 3 p\f>\a)\f>) => |ct) = J d 3 p^(f) \p) 

<d\a) = J d 3 p'<d[(p\a)\p)]= J d 3 p\p\ay<d\f?). ( 4 . 3 ) 



For the momentum it is natural to require 

(a\p\a) = — (å\p\å) => 
(ct|ØpØ _1 |a) => ØpØ -1 = — p 



So 



Qp\p) (4 = 4) -pQ\p) => ø|/) = \-p 



up to a phase factor. So finally 



0|q) = J d 3 p'{p |q)'| -p) = J d 3 p'{-p\a}"\p) 
(p’IØIo) = UP) = (~?\ o)’ = 



(4.4) 



(4.5) 



(4.6) 



4.3 Read section 4.3 in Sakurai to refresh your knowledge of the 
quantum mechanics of periodic potentials. You know that the en- 
ergybands in solids are described by the so called Bloch funetions 
4>n,k fullfilling, 

tl>n,k( X + a ) = e tka ^ nt k(x) 

where a is the lattice constant, n labels the band, and the lattice 
momentum k is restricted to the Brillouin zone [—n/a,n/a\. 

Prove that any Bloch funetion can be written as, 

Vyfc( æ ) = - Ri)e lkRl 

R, 
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where the sum is over all lattice vectors Ri. (In this simble one di- 
mensional problem Ri = ia, but the construction generalizes easily 
to three dimensions.). 

The functions </>„ are called Wannier functions, and are impor- 
tant in the tight-binding description of solids. Show that the Wan- 
nier functions are corresponding to different sites and/or different 
bands are orthogonal, i.e. prove 

J dx4>* m (x - Ri)4>n{x - Rj) ~ S tJ 8 mn 

Hint: Expand the cj) n s in Bloch functions and use their orthonor- 
mality properties. 



The defining property of a Bloch function ip n>k (x) is 

tpn,k{x + a) = é ka ^ n ^ k {x). (4.7) 

We can show that the functions Y8n t <pn{x ~ Ri)e tkR ' satisfy the same relation 



+ a- Ri)e tkR ' = ^4>n[x - {R t - a)]e 

R z R t 



:k(R t — a) g ika 



R ' = R] e tka M x ~ Rj)e lkR] (4.8) 

Rj 

which means that it is a Bloch function 

4’nA x ) = T,M x -Ry kRt - (4-9) 

Ri 



The last relation gives the Bloch functions in terms of Wannier functions. 
To find the expansion of a Wannier function in terms of Bloch functions we 
multiply this relation by e~ lkR] and integrate over k. 

tpn,k{ x ) = ~ Ri) elkR ' 

Ri 

=> [ V/a dke- ikR ^ n , k (x) = Y,M X ~ Ri) e lk(R '~ R ^dk (4.10) 

J—ir/a d . J—ir/a 
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But 



/* 7 r / a pik(R t —Rj) 

/ e ik ^~ R ^dk = 

’ — tt/ a 



= <7 



i(R t — Rj ) 

2n 



— 7 r / a 



2 sin [7r/a(i?i — ih,-)] 
//; — R 



O 



(4.11) 



where in the last step we used that Ri — R 3 = na } with n G 2. So 

/ 7 r/a . 97 r 

dke~ tkR ^tp n)k (x) = - R t )S tl — 

- 7 r/a ^ & 

=> cj) n (x - R t ) = f e~ lkRl ^ n ^ k (x)dk 
27 r 4-7 r/a 

So using the orthonormality properties of the Bloch functions 

I d x< Kn( x ~ RiHni* ~ R) 



(4.12) 



(27T 



77T-^ e mk( x ) e 1 3 ^n,k’{x)dkdk'dx 

(2 V 2 

t/Tj k (x)ij) n ^ k i(x)dxdkdk' 



^ikR z — ik'Rj / „/.* 



A mn S(k — k')dkdk' 



(2ir) 



° 2 f ^ e^ R '~ R ^dk = //-S mn S tJ . 

Z7T 



(2tt) 2 7-it/a 



(4.13) 



4.4 Suppose a spinless particle is bound to a fixed center by a 
potential V(x) so assymetrical that no energy level is degenerate. 
Using the time-reversal invariance prove 

<L) = 0 

for any energy eigenstate. (This is known as quenching of orbital 
angular momemtum.) If the wave function of such a nondegenerate 
eigenstate is expanded as 

ZZRXRYr (/>,*), 

l m 
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what kind of phase restrictions do we obtain on F) m (r)? 

Since the Hamiltonian is invariant under time reversal 

HQ = QH. (4.14) 

So if |n) is an energy eigenstate with eigenvalue E n we will have 

HQ\n) = QH\n) = E n Q\n). (4.15) 

If there is no degeneracy |n) and 0|n) can differ at most by a phase factor. 

Hence 

| h) = 0|n) = e l5 \ n). (4.16) 

For the angular-momentum operator we have from (S-4.4.53) 

(n\L\n) = —(h\L\h) ^ 4 = 6 ^ —(n\L\n) => 

(n\L\n) = 0 . (4.17) 

We have 

0 |„) = & J (Px\x)(x\n) = Jéx(x\n)-e\x) 

= y l4 = 6) e a |i!) =4- 

(x'|0|n) = (x'\ n)* = e lS (x'\ n). (4-18) 

So if we use (x\n) = E m Fi m (r)Y l m (6 , </>) 

E FL(r)Yr(8 , <f>) = e iS E E m (r)l) m (^, <f>) 

ml ml 

(S -“ 5T) 

ml ml 

ml ml 

=* E = e iS E F lm {r)8 m ,, m 8 vl 

ml ml 

=*• = e S f,,,(r) =4 F,T _„,(>•) = (-l)”'F,,„.(r) e ' s . (4.19) 
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4.5 The Hamiltonian for a spin 1 system is given by 

H = AS 2 Z + B(S 2 X -S 2 ). 

Solve this problem exactly to find the normalized energy eigen- 
states and eigenvalues. (A spin-dependent Hamiltonian of this kind 
actually appears in crystal physics.) Is this Hamiltonian invariant 
under time reversal? How do the normalized eigenstates you ob- 
tained transform under time reversal? 



For a spin 1 system 1 = 1 and m = — 1,0, +1. For the operator S z we 
have 



S z \l,m) = hm\l,m) =>■ (ln\S z \l,m) = hm(n\m) =>■ (S z ) nm = hmS nm (4.20) 



So 



s z = n 



( 1 o o 
0 0 0 
V o o -i 



si = n 2 



( 1 o o 
0 0 0 
V o o i 



For the operator S x we have 

s+ + s_ 



S x \l,m) 

(l,n|S/l,m} 

So 



1 1 , m) = |S+|1, to) + Is'-Il, to) 



2 ! 2 I 5 / 1 2 k 

= |(l,n|S+|l,m) + |(l,n|S_|l,m) 

(5^5.39) _ m )(2 + m)5 n , m+ 1 + 1 + m)( 2 - x . 



s x = 



h 

2 

h 

2 



/ 0 y/2 0 

0 0 ^2 | + 

\ o o o 

/ 0 y/2 0 

a/2 0 a/2 

V 0 y/2 o 



h 



/o oo 

a/2 0 0 

v 0 V2 0 



sl = — 



2/202 



0 4 0|=// 

V 2 0 2 



/ i 0 - 
'22 

0 1 0 

U 0 5 



(4.21) 
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In the same manner for the operator S y = S+ 2 f 

/O y/2 0 



we 



find 



s, = - 

2z 



S 2 = - — 



-y/2 0 y/2 

V 0 -y/2 0 

2 / -2 0 2 



0-4 0 

V 2 0-2 



= h 2 



/ - o — - 

' 2 U 2 

0 1 o 

V 0 \ 



(4.22) 



Thus the Hamiltonian can be represented by the matrix 



H = h 2 



( A 0 B 
0 0 0 
V B 0 A 



(4.23) 



To find the energy eigenvalues we have to solve the secular equation 

/Ah 2 - A 0 




det (H — XI) = 0 => det 0 — Å 0 1=0 

V Bh 2 

=$► (Ah 2 - A) 2 (— A) + (Bh 2 ) 2 X = 0 => A [(Ah 2 - X) 2 - (Bh 2 / 1 ) = 0 
^ X(Ah 2 - X - Bh 2 )(Ah 2 - X + Bh 2 ) = o 

=>• Xi = 0, A 2 = h 2 (A + B) } X 3 = h 2 (A - B). (4.24) 

To hnd the eigenstate |ua c ) that corresponds to the eigenvalue A c we have to 
solve the following equation 



/ A 0 B 
0 0 0 
\ B 0 A 




= X r 



( a 
b 

\ c 



( 4 . 25 ) 



For Ai = 0 



/ A 0 B 
0 0 0 
\ B 0 A 



( a 
b 

\ c 

a = -c- 



= 0 



aA + cB 
aB + cA 



0 

0 



— + cA = 0 



a = 0 
c = 0 



(4.26) 
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So 







( 0 \ 


( 0 


ko) 


= 


7 | norm. 

6 


1 






[o ) 


l 0 


ko) 


= |10>. 





In the same way for Å = h 2 (A + B) 



{ A 


0 




t a 1 




t a 


0 


0 


° 


6 


= (A + B) 


b 


^ B 


0 


Aj 


V c / 




V c 


( 


a = 


c 









6 = 0 



f aA + cB 
0 

aB + cA 



So 




| n A+ B) = 



I n A+s) - — ^|1, +1} + — -!)• 




V2' 



y/2' 



For \ = h 2 (A — B) we have 




f aA + cB 
0 

ah? + cA 



So 



|^4+£i} = 








(4.27) 



a(A + B) 
b(A + B ) 
c(A + 5) 

(4.28) 



(4.29) 



a(A — i?) 
6(A - B) 
c(A - B) 

(4.30) 



Wa-b) 



( 4 . 31 ) 
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Now we are going to check if the Hamiltonian is invariant under time reversal 

qhq- 1 = Ae s^e- 1 + b (esle- 1 -es*®- 1 ) 

= Aes.e^es,®- 1 + ^(ø&ø - 1 ©^©- 1 - ©s;©- 1 ©^©- 1 ) 

= AS 2 Z + B(S 2 x - S 2 y ) = H. (4.32) 

To find the transformation of the eigenstates under time reversal we use the 
relation (S-4.4.58) 

Q\l,m) = ( — m). (4.33) 




(4.38) 
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5 Approximation Methods 

5.1 Consider an isotropic harmonic oscillator in two dimensions. 
The Hamiltonian is given by 



Hn = 



2 „2 
P^ + P]L + 

2 m 2 m 



mu 



(x 2 + y 2 ) 



(a) What are the energies of the three lowest-lying states? Is there 
any degeneracy? 

(b) We now apply a perturbation 



V = Smu 2 xy 



where S is a dimensionless real number much smaller than unity. 
Find the zeroth-order energy eigenket and the corresponding en- 
ergy to first order [that is the unperturbed energy obtained in (a) 
plus the first-order energy shift] for each of the three lowest-lying 
states. 

(c) Solve the H 0 -\-V problem exactly. Compare with the perturba- 
tion results obtained in (b). 

[You may use (n'\x\n) = y^72TOlJ(A/rrTT^ n / jn+ i + y^Sn^n^i).] 



Define step operators: 




ipx 

mu 

IPx 

mu 

ipy_ 

mu 

ipy_ 

mu 



1 



1 



1 



From the fundamental commutation relations we can see that 



( 5 . 1 ) 



[a x ,al\ = [a y ,a\\ = 1. 
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Defining the number operators 

N x = a\a x , N y = a ] y a y 

we find 

IV = N x + Ny = ^~ 1^ 

hto 

H 0 = hu(N + 1). (5.2) 

Le. energy eigenkets are also eigenkets of N: 

N x \m } n) = to | to, n), 
to, n ) = n|TO,n}=^ 

N\m,n) = (TO + n)|TO,n) (5-3) 



so that 

H 0 | to, n ) = | to, n ) = hu>(m + n + 1) | to, n ). 

(a) The lowest lying states are 

state degeneracy 

Eqq — fi(jJ 1 

Eifl = Eo,i = 2ficu 2 

^2,0 = Eq,2 = £ 1,1 = 3 

(b) Apply the perturbation V = SrriL 0 2 xy. 

Full problem: (iL 0 + V") | / } = A | / } 

Unperturbed problem: iL 0 | /° ) = E° \ 1° ) 

Expand the energy levels and the eigenkets as 

E = E° + A 1 + A 2 + ... 

10 = U°)+ U0 + --- (5-4) 

so that the full problem becomes 

(E°-H 0 )[\l°)+ 1 1 1 ) + ...] =(y-A 1 -A 2 ...)[ | Z°)+ I/ 1 ) + ...]. 
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To l’st order: 

(E°-H 0 )\l 1 ) = {V - A 1 ) 1 1° }. (5.5) 

Multiply with ( 1° | to find 

( 1° | E° - H 0 1 1 1 } = 0 = {l°\V-A 1 \l°}^ 

A*( 1° \l°) = A 1 = (/°|y|/°) (5.6) 

In the degenerate case this does not work since we’re not using the right basis 
kets. Wind back to (5.5) and multiply it with another degenerate basis ket 

( m° | E° - H 0 1 1 1 ) = 0 = ( m° | V - A 1 1 1° } ^ 

A : ( m° 1 1° ) = (m°|y|/°). (5.7) 

Now, ( TO °|/°) is not necessarily S^i since only states corresponding to differ- 
ent eigenvalues have to be orthogonal! 

Insert a 1: 

( TO 0 I V I k° )( k° 1 1° } = A : ( TO 0 1 1° ). 

keD 

This is the eigenvalue equation which gives the correct zeroth order eigen- 
vectors! 

Let us use all this: 

1. The ground state is non-degenerate 

Aqq = ( 0, 0 | V | 0, 0 ) = Smuj 2 ( 0, 0 | xy \ 0, 0 ) ~ ( 0, 0 | (a x +a^ x )(a y +a [ y ) | 0, 0 ) = 0 
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Together this gives 



Vio,io — 


Voi,oi 


= 0 , 








Stud 


1,0 a x a\ 




Shu 


Vio,oi = 


2 < 


|0.1) 


2 




Shu 


1,0 \a\a y 




Shu 


Voi,io = 


2 < 


|0.1) 


2 



The V-matrix becomes 



Sku f 0 1 
”2” V 1 0 



and so the eigenvalues (= A 1 ) are 



A 1 = ± 



S hid 



To get the eigenvectors we solve 

0 1 
1 0 



= ± 



( 5 . 8 ) 



and get 



•••)- 



^j(l<U} + 1 1,0)), 

^j(|0,l) - |1,0», 



E+ — hu(2 + -), 

£ 

E_ = hu( 2 — — ). (5.9) 



3. The second excited state is also degenerate | 2,0), |1,1), | 0,2), so 
we need the corresponding 9 matrix elements. However the only non- 
vanishing ones are: 



Vii, 20 — V2n.11 — Vn .02 — Vn2.11 — 



520,11 



11,02 



502,11 



S hu 

w 



( 5 . 10 ) 



(where the \/2 came from going from level 1 to 2 in either of the oscil- 
lators) and thus to get the eigenvalues we evaluate 



0 



/ 

det 

V 



-A 

1 

0 



1 0 
-A 1 
1 -A 



A(A 2 - 1 ) + A = A (2 - A 2 ) 
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which means that the eigenvalues are {0, ± Shu}. By the same method 
as above we get the eigenvectors 



• • • }o 
...)_ 



i(|2,0) + V2|l,l> + | 0,2)), 
±=(-\ 2 , 0 )+ | 0,2)), 

|( I 2, 0 ) — V2 1 1, 1 ) + | 0,2)), 



E + = hu( 3 + h), 
Eq = 3 kid, 

E_ = hu( 3 — h). 



(c) To solve the problem exactly we will make a variable change. The poten- 
tial is 

mu 2 + y 2 ) + hxy] = 

= rnu 2 i((æ + y) 2 + (x - y) 2 ) + ^{x + y) 2 - (x - y) 2 ) . (5.11) 
Now it is natural to introduce 



X ' = ^( X + y ), Px = ^=(p'x + rfy), 

y' = ^=( x ~y), Vy = ^V x -V y )- ( 5 - 12 ) 

Note: [ x',p' x \ = \y',p' y \ = ih, so that (x 1 , p' x ) and (y 1 , p' y ) are canonically 
conjugate. 

In these new variables the problem takes the form 

H = + a 1 + + s "> x ' 2 + u - s >y 2 ^ 

So we get one oscillator with u>' x = u\/l + S and another with u' = u\/l — S. 
The energy levels are: 

Eofl = hu , 

E\ q = Hid T hid x = hid(\ T i / 1 t 'h) = 

= hid( 1 + 1 + + . . .) = hid ( 2 + |h) + 0(S 2 ), 
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'0,1 


= hu + hu' y = 


= hu{ 2 - ih) + 0{8 2 


'2,0 


= hu + 2 hu' x = . . . 


= hu( 3 + 8) + 0(8 2 


1 

1,1 


= hu + hu' x + hu' y 


= ... = 3 hu + 0(8 2 ) 


'0,2 


= hu + 2 hu'y = . . . 


= hu( 3 - 8) + 0(8 2 



(5.13) 



So first order perturbation theory worked! 



5.2 A system that has three unperturbed states can be represented 
by the perturbed Hamiltonian matrix 

/ E\ 0 a \ 

0 Ei 6 

v a* b* E 2 ) 

where E 2 > Ei. The quantities a and b are to be regarded as per- 
turbations that are of the same order and are small compared with 
E 2 — Ei. Use the second-order nondegenerate perturbation theory 
to calculate the perturbed eigenvalues. (Is this procedure correct?) 
Then diagonalize the matrix to find the exact eigenvalues. Finally, 
use the second-order degenerate perturbation theory. Compare 
the three results obtained. 



(a) First, find the exact result by diagonalizing the Hamiltonian: 



0 



So, E 



Ei — E 0 
0 Ei — E 



a 

b 



| a* b* E 2 -E | 

(Ei - E) [(Ei - E)(E 2 -E)- |6| 2 ] + a [0 - 
(Ei - Ef(E 2 — E) — (Ei - E)(\b\ 2 + M 2 ). 



a*(Ei 



Ei or (Ei - E)(E 2 -E)~ (|6| 2 + |a| 2 ) = 0 i.e. 



E)] = 

(5.14) 



E 2 



(Ei + E 2 )E + EiE 2 — 

Ei + E 2 I Ei + E 2 2 

± \l 



| 2 + l^| 2 ) = 0 =S> 
EiE 2 + |a| 2 + |6| 2 = 



E 



2 



2 
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Ei + E 2 Ei — E 2 2 | 12 ,, | 2 

= ^ ± V 2 +M+H- ( 5 - 15 ) 

Since |a| 2 + \b\ 2 is small we can expand the square root and write the three 
energy levels as: 



E 

E 

E 




(b) Non degenerate perturbation theory to 2’nd order. The basis we use is 



|i>= o 

\ 0 



| 2 )= 1 

\ 0 



I 3 ) = 0 

1 



/O 0 a \ 

The matrix elements of the perturbation V = 0 0 6 are 

\ a* b* 0 / 

(l\V\3) = a, <2|V|3> = 6, ( 1 | V | 2 ) = ( k\ V \k ) = 0. 

Since = (k\V\k) = 0 l’st order gives nothing. But the 2’nd order 
shifts are 

A (2) = |Vh| 2 1(3 | V | i )| 2 \g\ 2 

1 ' J Z?0 770 171 77 77 77 ’ 

k-f-l -C/l — -C/fc -C/l — -C/2 -C/l — -C/2 

a ( 2) = | V fc2 | 2 | ( 3 | V | 2 ) | 2 | 6| 2 

2 ^ E °2- E t E x -E 2 E!-E 2 ' 

a ( 2) = |V fc3 | 2 \a\ 2 \b\ 2 \g\ 2 + |6| 2 

3 ^ Et - E° k E 2 -Ei E 2 - Ei Ei-E 2 ' 



(5.17) 
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The unperturbed problem has two (degenerate) states | 1 ) and | 2 ) with 
energy and one (non-degenerate) state |3) with energy E 2 . Using non- 
degenerate perturbation theory we expect only the correction to E 2 (i.e. Ag 2 ^) 
to give the correct result, and indeed this turns out to be the case. 

(c) To find the correct energy shifts for the two degenerate states we have 
to use degenerate perturbation theory. The V-matrix for the degenerate 

subspace is ^ ^ ^ ^ , so l’st order pert.thy. will again give nothing. We have 

to go to 2’nd order. The problem we want to solve is ( H 0 -\- V)\l) = E \ l) 
using the expansion 

1 1 ) = 1 1° ) + 1 1 1 ) + . . . E = E° + A (1) + A (2) + . . . (5.18) 

where H 0 | Z° ) = E° \ 1 ° ). Note that the superscript index in a bra or ket de- 
notes which order it has in the perturbation expansion. Different solutions to 
the full problem are denoted by different V s. Since the (sub-) problem we are 
now solving is 2-dimensional we expect to find two solutions corresponding 
to l = 1,2. Inserting the expansions in (5.18) leaves us with 

(E°-H 0 )[\l°)+ IO + ...] = 

(V - AW - A^ 2 ) . . .) [ 1 1° } + 1 1 1 ) + ...] . (5.19) 

At hrst order in the perturbation this says: 

(E°-H 0 )\l 1 ) = (V- AW)|/°), 

where of course AW = 0 as noted above. Multiply this from the left with a 
bra ( k° \ from outside the deg. subspace 

( k° | E° - H 0 1 1 1 } = { k° | V 1 1° } 

=> 1 0 = E 

k^D 

This expression for 1 1 1 ) we will use in the 2’nd order equation from (5.19) 
(E° — H 0 ) 1 1 2 ) = V\l 1 )- A (2) |/°). 

To get rid of the left hånd side, multiply with a degenerate bra ( m° 
(H 0 \m°) = E° | m° )) 

(m°\E° - H 0 \l 2 ) = 0 = (m°\V\l 1 ) - A (2) ( m°\l°). 



)(k°\V\l°\ 

E°-E k 



(5.20) 
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Inserting the expression (5.20) for 1 1 1 ) we get 

^ ( m° | V | k° )( k° | V 1 1° } _ 
^ E° - E k “ 






To make this look like an eigenvalue equation we have to insert a 1: 

£ {m 0 lV ^P^ lVln °\ n 0 \l 0 ) = M 2 \m 0 \l 0 ). 



i£D k^D 



Maybe it looks more familiar in matrix form 



M mnX n = A (2) a 

n£D 



where 



M mn = 

k % E° - E k 

x m = ) 



{m 0 \V\k°){k°\V\n 0 ’ 



are expressed in the basis dehned by |/°). Evaluate M in the degenerate 
subspace basis Z) = { | 1 ), | 2 )} 



M u = 



Mo i — 



^3^31 = H 2 M = 

El - El Ei-Ek 
V 23 V 3 i a *b 



V 13 V 32 _ db* 
Ei-E° 3 ~ Ei-Ek 



|Vh 3 | 2 _ |&p 



’ ^ ™ ^ IT _ | r ^| _ Wl 

Ei- El ~ Ei- Ek 22 “ Ei - El ~ Ei - E 2 ' 



1 -*^1 -*-^1 i- 

With this explicit expression for M, solve the eigenvalue equation (dehne 
Å = A( 2 )(Zi — Z 2 ), and take out a common factor E \ E ) 



« ^ ( '“'I-! ' |H? - A ) ^ 

= (|a| 2 -A)(|6| 2 -A)-|a| 2 |6| 2 = 
= A 2 -(|a| 2 + |6| 2 )A 
=>■ A = 0, |a| 2 + \b\ 2 

=!■ A |2 > - 0 A |2) - + ^ 

^ A‘ - U a ' 2 - Ei - E 2 - 



(5.21) 
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From before we knew the non-degenerate energy shift, and now we see that 
degenerate perturbation theory leads to the correct shifts for the other two 
levels. Everything is as we would have expected. 



5.3 A one-dimensional harmonic oscillator is in its ground state 
for t < 0. For t > 0 it is subjected to a time-dependent but spatially 
uniform force (not potential!) in the x-direction, 

F(t) = F 0 e~^ 

(a) Using time-dependent perturbation theory to first order, obtain 
the probability of tinding the oscillator in its first excited state for 
t > 0. Show that the t — > oo (r finite) limit of your expression is 
independent of time. Is this reasonable or surprising? 

(b) Can we find higher excited states? 

[You may use (n'\x\n) = y^72^^(A/rr+Th n / jn+ i + y/n8 n ^ n -i).] 



(a) The problem is dehned by 



H 0 = ^ + 
2 m 



2 mu 2x 2 



8V 

V(t) = -F*e-" 



At t = 0 the system is in its ground state | a, 0 ) = | 0 ). We want to calculate 

| a,t) = J2c n (t)e~ Er>t/n | n) 

n 

E n = + |) 

where we get c n (t) from its diff. eqn. (S. 5.5.15): 



d . 






V nm = ( n | V | m ' 

Er!. Em. 



U r . 



h 



= u[n — m 



We need the matrix elements V nm 

V nm = ( n I — F 0 xe~ tE I m ) = —F 0 e~ tE ( n\x\m) = 



Fqc ^ 8 n . n , — i T \f m T lh njm _|_i). 



(5.22) 
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Put it back into (5.22) 

ih-^c n (t) = -F 0 e~ t/r ^ — (yn + le~ iUjt c n+1 (t) + . 

Perturbation theory means expanding c n (t) = c ^ + c ^ + . . ., and to zeroth 
order this is 

^4 0) (t) = 0 =$► 4 0) = 8 n0 

To first order we get 



F n % P 



ih V 2 muj Jo 



dt'e-^ (y^+Te-^' ^(t) + \foe iut ' c^tj) 



We get one non-vanishing term for n = 1, i.e. at first order in perturbation 
theory with the H.O. in the ground state at t = 0 there is just one non-zero 
expansion coefhcient 



ÅA) = - 



eJJEL f ^'-*7^ = 

in V Znuo Jo 



F n h 



ih V 2 mto 



1 1 



ILO — 



J-iu-pjt' 



Fn h 



1 



ih V 2 mto ito — - 



(l - e^-r)*) 



and 



a. 



= J2 c n ) ( t ) e ^ \ n ) = c { l ] {t)e h 1 |1). 

n 

The probability of hnding the H.O. in | 1 ) is 

|( 1 | q ,()| 2 = | c ' 1| (()| 2 . 



As t — y oo 




= const. 



This is of course reasonable since applying a static force means that the 
system asymptotically hnds a new equilibrium. 
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(b) As remarked earlier there are no other non-vanishing c n ’s at first order, 
so no higher excited states can be found. However, going to higher order in 
perturbation theory such states will be excited. 

5.4 Consider a composite system made up of two spin | objects. 
for t < 0, the Hamiltonian does not depend on spin and can be 
taken to be zero by suitably adjusting the energy scale. For t > 0, 
the Hamiltonian is given by 

Suppose the system is in | H — } for t < 0. Find, as a function of 
time, the probability for being found in each of the following states 

I + +)? I + “)? I _ +)? I )'• 

(a) By solving the problem exactly. 

(b) By solving the problem assuming the validity of first-order 
time-dependent perturbation theory with H as a perturbation switched 
on at t = 0. Under what condition does (b) give the correct results? 



(a) The basis we are using is of course \ Si Z} S 2z ). Expand the interaction 
potential in this basis: 

Si ■ S 2 = S lx S 2x + SiyS 2y + S lz S 2z = {in this basis} 

= ( I + )( “ I + I “ )( + I )i( I + )( “ I + I “ )( + I )2 + 

+ * 2 H + X-I + l-X + IM-l + X-l + I-X + IX + 

+ (l + X + l - l-X-IMI + X + l - l-X-IX = 

= — I + + }( — I + I +-)(-+ I + 

+ 1 - + )(+- I + I --)( + + I + 

+ * 2 (l + + )(-- I - I +-)(-+ I + 

-I - + )(+- I + I --)( + + l) + 
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+ 1 ++)(+ + 


- 1 


+ - 


)(+ 


- 1 


+ 


-1 -+)( 


- + 


1 + 


I-- 


-)( 


-- 1 


In matrix form this is (using 


1> = 


1 ++) 


|2 


)= 1 + 


1 

1 

II 

+ 

1 

II 

CO 












/ 1 


0 


0 


0 ^ 




H = A 


0 


-1 


2 

-1 


0 




0 


2 


0 






1 0 


0 


0 


l) 



(5.23) 



This basis is nice to use, since even though the problem is 4-dimensional we 
get a 2-dimensional matrix to diagonalize. Lucky us! (Of course this luck is 
due to the rotational invariance of the problem.) 



Now diagonalize the 2x2 matrix to find the eigenvalues and eigenkets 
0 = det(~ l ~ X _ x 2 _ A 'j = (-1 - Å) 2 -4 = Å 2 + 2A - 3 



=4* A = 1, —3 



A = 1 



A = -3 : 



-1 2 
2 -1 



x 

y 



X 

y 



—x + 2 y = x=?x = y = 



72 



-1 2 
2 -1 



X )=-3 X 



—x + 2 y = —3x =4* x = — y = 



1 

72 



So, the complete Spectrum is: 

{ I+ + ), I ),^( I + -} + I - + } with energyA 



l VT 



+ - - - + 



with energy — 3A 
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This was a cumbersome but straightforward way to calculate the Spectrum. 
A smarter way would have been to use S = Si + S 2 to Und 

S 2 = S 2 = Si + S 2 2 + 2Ai • S 2 => Al • S 2 = I (s 2 - Si - S 2 2 ) 

We know that Si = S% = h 2 ^ ^ lj = A- so 

Si ■ Si = \ (s 2 - A) 



Also, we know that two spin| systems add up to one triplet (spin 1) and one 
singlet (spin 0), i.e. 



S = 1(3 States) S x ■ S 2 = ±(h 2 l(l + 1) - Af ) = \h 2 

5 = 0(1 State) => S l -S 2 = \{-^) = -§ h 2 

Since H = j^S\ ■ S 2 we get 



E(spin=l) 



E(spin=0) 



4A lh 2 

' 

4A -3 ti 2 
h 2 4 



A, 



— 3A. 



(5.24) 



(5.25) 



From Clebsch-Gordan decomposition we know that | | + + ), | ), 

75 ( I + ~ } + I - + )) } are spin 1, and -^( | + - ) - | - + )) is spin 0! 

Let’s get back on track and find the dynamics. In the new basis H is diagonal 
and time-independent, so we can use the simple form of tthe time-evolution 
operator: 

U(t,t 0 ) = exp^-^H(t - f 0 ) | • 

The initial state was | -| ). In the new basis 



1) 



4) 



+ + 



1 



+ - 



— ). 1 -U - 1 + — ) + 1 i" ))’ 

+»} 
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the initial state is 



+ -) = ^(|3)+ |4)). 



Acting with U(t , 0) on that we get 

■ . 1 [ i tt 

\OL.t) = — =exp{——Ht 

1 y/2 l k 



1 

72' 

1 

72 

exp 



expj — — At | | 3 } + exp }> |4) 

-iAn 1 



h J V2 v 



+ - + - 



r3*An i , 

-\-exp < > 1 



+ -)- I -+)) 



l h J V2 v 

[(e - ’"* + e 3iujt ) | +-) + (e~ iut + e 3iut ) \ - + )] 



where 



A 



LO = 



h 



(5.26) 



The probability to find the system in the state | (3 ) is as usual |( (3 \ a, t }| 2 
[" ( H — h | <a, t ) = ( |a,t} = 0 

|( + - | a,t )| 2 = | (2 + e 4iujt + e~ 4lut ) = \ (1 + cosAut) ~ 1 - 4 (ut) 2 . . . 
|( - + | a 7 t}\ 2 = \ (2 - e 4iwt - e~ 4iujt ) = \ (1 - cosAut) ~ 4 {tot) 2 . . . 

(b) First order perturbation theory (use S. 5.6.17): 



4 °) = S ■ 

V ri l * 



77 ) = f dt’e^'V^f). 

n Jt 0 

Here we have (using the original basis) H 0 = 0, V given by (5.23) 



( 5 , 27 ) 
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/ ) - I “ + )> 

Wni = En ~ E% = {E n = 0} = O, 
n 

V fi = 2A, 

Ki = 0, «//. 



Inserting this into (5.27) yields 



c (0) - c (0) - 1 

c i ~ c |+-) — T 



,(i) _ 

-7 



hi) _ 
I-+) 



i 

h jo 



c\ ' = c i 7 . \ = — — / dt 2A = —2 iut. 



(5.28) 



as the only non-vanishing coefficients up to first order. The probability of 

hnding the system in | ) or | + + ) is thus obviously zero, whereas for 

the other two states 



P( 1 +-)) = 1 



P(|- + » = \c?\t) + c?\t) + ...\ 2 = \2ivt\ 2 = 4(vt) 2 

to first order, in correspondence with the exact result. 

The approximation breaks down when ut 1 is no longer valid, so for a 
given t: 

n 

ut < 1 =*► A < -. 



5.5 The ground state of a hydrogen atom (n = 1,1 = 0) is subjected 
to a time-dependent potential as follows: 

V(x,t) = VoCos(A; 2 ; — ut). 

Using time-dependent perturbation theory, obtain an expression 
for the transition rate at which the electron is emitted with mo- 
mentum p. Show, in particular, how you may compute the angular 
distribution of the ejected electron (in terms of 6 and </> defined 
with respect to the z-axis). Discuss briefly the similarities and the 
differences between this problem and the (more realistic) photo- 
electric effect. (note: For the initial wave function use 
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If you have a normalization problem, the final wave function may 
be taken to be 

1 



*/(*) = 



Li 

with L very large, but you should be able to show that the observ- 
able effects are independent of L .) 



To begin with the atom is in the n = 1, l = 0 state. At t = 0 the perturbation 

V = V 0 cos(kz — ut) 

is turned on. We want to find the transition rate at which the electron is 
emitted with momentump;. The initial wave-function is 

= — ( — ) e~ r/a ° 



and the final wave-function is 

■/' 



7T V CIq J 






The perturbation is 



y = y 0 | ' e i{kz-wt) _|_ e -i{kz-wt ) j 



(5.29) 



Time-dependent perturbation theory (S. 5. 6. 44) gives us the transition rate 



w = 



27T 

h 



v T 

v ri 



S(E n - (E t + Tito)) 



because the atom absorbs a photon Tilo. The matrix element is 



Vi- 



2 y r 



ikz 



and 



ikz 



= (k f \ e lkz | n = 1, l = 0 ) = / d 3 x( k f | e lkz \ x)(x \n = 1,1 = 0) = 



g — ikfX 



1 / 1 \ 3 / 2 

= / d 3 x— — P kxz — (-) e- r /“° = 

L 6 / 2 ynKao/ 



ira 



3/2 



J d 3 xe~ i ^ kr ^~ kx3 ^~ r ^ ao 



1 



(5.30) 




120 



So ( é kz ) is the 3D Fourier transform of the initial wave-function (and some 

constant) with q = kj — ke z . That can be extracted from (Sakurai problem 
5.39) 

647T 2 1 



ikz 



L 3 



«0 i+(k f -ke z y 



The transition rate is understood to be integrated over the density of states. 
We need to get that as a function of pj = hkj. As in (S. 5. 7. 31), the volume 
element is 

du 

n 2 dndfl = n 2 dfl— — dpt. 

dpj 



Using 
we get 
which leaves 



2 _ Pf _ n 2 ( 27t) 



1 ~ h 2 ~ 



L 2 



dn 



1 2 L 2 pj 2 tt?i L 2 pj 



L 



(2tt ) 3 fi 

and this is the sought density. 
Finally, 



dpj 2 n (2 tt h) 2 Lpj (2 tt h) 2 2 tt h 

dftdpj 



2 L3k l 

n dndfl = — — ^rrdildpj = 



f L 3 p 2 f 



( 2Tihy 



Wj 



2i t Vq 647t 2 



LV f 



yp; 



n 4 L 3 al \j_ + ^ f _ k g z y] 4 {2TThy 



■dftdpj. 



Note that the T’s cancel. The angular dependence is in the denominator: 



kf — ke z ) = [(\kf\cos9 — k) e z + \kf\sin0 (cosLpe x + siriLpe y )\ = 

= \kj\ 2 cos 2 6 + k 2 — 2k\kj\cos6 + \kj\ 2 sin 2 6 = 

= k 2 + k 2 — 2k\kj \cos6. (5.31) 



In a comparison between this problem and the photoelectric effect as dis- 
cussed in (S. 5.7) we note that since there is no polarization vector involved, 
w has no dependence on the azimuthal angle </>. On the other hånd we did 
not make any dipole approximation but performed the x-integral exactly. 




